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ABSTRACT

An analytically based model is presented for determin-
ing 
ow velocities and wall temperatures in system mod-
ules containingmultiple printed circuit boards. The model
provides a dynamic blending of two limiting solutions for
two-dimensional, free convection channel 
ow, namely, a
fully developed solution and an isolated plate solution.
The e�ects of 
ow impediments, such as electro-magnetic
containment screens, 
ow de
ectors and ba�es, on heat
transfer within the module are incorporated to provide a
better representation of practical applications. The solu-
tion procedure includes an implicit formulation for deter-
mining the heat transfer between channels based on lo-
cal thermophysical characteristics, the contact resistance
between the heat sources and the printed circuit boards,
and 
ow conditions. Results from the analytical mod-
els show good agreement with solutions and experimental
data published in the open literature for a single channel
with an uniform heat 
ux at each wall.

NOMENCLATURE

A - wall surface area, m2

b - channel width, m
cp - speci�c heat, J=kgK
g - gravitational acceleration, m=s2

k - thermal conductivity, W=mK
�Ki - inlet, exit loss coe�cients
L - channel length, m
Pr - Prandtl number
n - blending parameter
NuL - Nusselt number, � (qL)=(k(Tmax � Ta))
Nub - channel Nusselt number,

� (qb)=(k(Tmax � Ta))
q - heat 
ux, W=m2

Q - heat 
ow rate, W
r1; r2 - heat 
ux ratio for left, right side
R - thermal resistance, � (�T=Q), K=W
Ra?L - modi�ed Rayleigh number,

� (g�qL4Pr)=(k�2)
Ra?b - channel Rayleigh number,

� (g�qb5Pr)=(k�2L)
Reb - channel Reynolds number, � (ub)=�
T - temperature, K
�T - temperature di�erence, K
u - velocity in primary 
ow direction, m=s
W - channel depth, m
x - coordinate in primary 
ow direction, m
y - coordinate normal to the channel wall, m

Greek Symbols

� - thermal di�usivity, m2=s
� - volumetric expansion coe�cient, K�1

� - hydraulic boundary layer thickness, m
�t - thermal boundary layer thickness, m
� - dynamic viscosity, Ns=m2

� - kinematic viscosity, m2=s
� - density, kg=m3

Subscripts

a - ambient
c - contact
eff - e�ective
f - 
uid
fd - fully developed
ip - isolated plate
j - junction
T - total
1; 2 - left and right surfaces

Superscripts

� - average
0 - non-dimensional value



INTRODUCTION

Microelectronic systems can take several forms, rang-
ing from the large cabinets found in mainframe comput-
ers or telecommunications equipment which contain sev-
eral shelves of circuit boards, to small personal computers
with a single board and optional plug-in expansion cards.
Common to each of these systems is a need to know 
uid
temperatures and velocities as well as maximum board
temperatures in order to accurately determine \hot spots"
on the circuit boards which could lead to reliability fail-
ures.
Modern telecommunications equipment is often de-

signed using a modular approach, implementing natural
convection cooling in place of its noisier and more costly
forced convection counterpart. These system modules, as
shown in Fig. 1, typically contain 2 - 10 printed circuit
cards suspended parallel to one another, thereby creating
vertical channels cooled via buoyancy induced 
ow. In or-
der to impede electro-magnetic interference between the
module and other equipment, perforated metal screens are
positioned at the 
uid inlet and exit points.

Fig. 1: Typical System Module With EMC Screens and
Flow Divertors

These modules can be placed in a traditional tower ar-
rangement, as shown in Fig. 2(a); however, as the 
uid
sink temperature increases from the lower to upper shelves
within the system, the potential for heat dissipation is re-
stricted and the overall thermal integrity of the system is
jeopardized. Figure 2(b) illustrates one approach used to
avoid this problem, where fresh, ambient air is introduced
and heated air is directed out of each level by a system of
ba�es.
The addition of EMC screens and ba�es to a 
ow-

though module design introduces a restriction to the free

ow of air and, in turn, has a detrimental e�ect on heat
transfer. Even the presence of large objects on the circuit
cards, such as packages or power supplies, may tend to re-
strict the free movement of the cooling airstream. Models
are required that allow the designer to quickly and accu-
rately determine the e�ects of these 
ow restrictions on
the thermal performance of the system.

Fig. 2: System Flow Con�gurations: (a) Traditional
Tower Arrangement, (b) Thermal Isolation Using Ba�es

The problem involving laminar free convection in the re-
gion between vertically oriented, parallel plates has been
examined by many researchers over the past �fty years.
Elenbaas (1942) was the �rst to present an in-depth anal-
ysis of the channel problem for closely-spaced, isothermal
plates, and his results are still considered a reference stan-
dard. Other researchers have since examined the isother-
mal problem, including Bodoia and Osterle (1962), Engel
and Mueller (1967), Kettleborough (1971), and Quintiere
and Mueller (1973).
Although the �ndings in these early works are signi�-

cant, more appropriate models for determining the heat
dissipation from printed circuit boards which use uniform
heat 
ux boundary conditions have been suggested by
other researchers.
Aung (1972) presented closed-form solutions for laminar

free convection in vertical channels with unequal, uniform
heat 
ux boundaries which experience fully-developed

ow. Analytical expressions are developed for local 
uid
velocity and temperature distributions in terms of the rel-
ative magnitude of the heat 
ux between opposing chan-
nel walls. Aung, Fletcher, and Sernas (1972) performed
numerical and experimental studies of developing laminar
free convection in vertical, asymmetrically heated, parallel
plate channels with uniform wall 
ux or uniform temper-
ature boundary conditions. Although the many plots in
this work collectively provide a means of ascertaining the
local wall temperature for many thermal and 
ow condi-
tions, this process would involve digitizing these plots and,
in general, it is not possible to obtain local values from the
numerical solutions for arbitrary thermal conditions.
Miyatake and Fujii (1974) developed an analytical

model for laminar free convection between two vertical
plates with unequal, uniform heat 
uxes. Their model,
based on a combination of a fully-developed 
ow asymp-
tote and natural convection from a single, vertical plate,
was compared with numerical values for a wide range of
Prandtl numbers and with experimental data for water.
The resulting expressions for local Nusselt number can be



used to predict local plate temperatures for a wide range
of channel con�gurations.

Experimental results for free convection between verti-
cal plates with symmetric, uniform 
ux heating are pre-
sented by Wirtz and Stutzman (1982). The authors de-
veloped an expression for the maximum wall tempera-
ture based on the blending of fully-developed channel 
ow
and isolated plate, natural convection asymptotes. This
blended solution is validated using measured values of lo-
cal temperature.
Bar-Cohen and Rohsenow (1984) developed analytical

expressions for the Nusselt number for symmetrically and
asymmetrically heated isothermal and iso
ux channels, as
well as a set of equations designed to optimize the spacing
between adjacent circuit boards.
Although each of these references present valuable in-

sight into the channel 
ow problem, none of the result-
ing expressions for wall temperature can be easily modi-
�ed to include the e�ects of 
ow-restricting devices, such
as electro-magnetic containment (EMC) screens, 
ow de-

ectors or ba�es. As well, none of the previous works
have addressed the issue of heat transfer between adja-
cent channels.
The following work presents a model for predicting local

wall temperatures and average 
uid exit velocities for sys-
tems of arbitrarily arranged and asymmetrically heated
parallel plates. The solution procedure is based on a
blending of the asymptotic solutions for fully-developed,
two-dimensional channel 
ow and natural convection from
an isolated 
at plate. The model includes algorithms for
calculating the distribution of heat between the channels
as a function of the case/board thermal resistances. Val-
idation of the model will be presented using previously
published results and numerical simulations from a com-
mercial, �nite volume based CFD code.

MODEL DESCRIPTION

Blended Solution Method. In designing a system
module which depends on free convection cooling, the
thermal analyst requires both surface temperatures (to
predict component and board temperatures) and average

uid velocity and temperature (to determine the cooling
capacity of the natural convection 
ow). The behavior of
these quantities has been well documented for both of the
limiting cases, fully-developed channel 
ow between par-
allel plates and natural convection from a single, vertical
plate.
In the case of long, narrow channels with small values of

heat 
ux, the 
ow in the channel quickly becomes fully-
developed. Within a fully-developed, forced convection

ow, the velocity pro�le assumes a parabolic shape, the
average 
uid velocity is constant, and the 
uid tempera-
ture at the wall increases linearly along the length of the
channel.
The other limiting case involves short, wide channels

with large heat 
uxes at the wall, where the 
ow continues

to develop from the entrance to the exit. If the thermal
and hydrodynamic boundary layers associated with each
side of the channel do not interact before the channel exit,
then the heat transfer at each wall begins to resemble that
of an isolated 
at plate in a quiescent 
uid.

In the intermediate region between these two asymp-
totes, the 
ow entering the channel develops until the
boundary layers interact. As the 
ow �elds on each side
of the channel continue to develop, the core velocity in-
creases until the fully-developed pro�le is reached. It is
apparent that the behavior of the channel in this interme-
diate region can be described by some combination of the
limiting cases.

The proposed model uses a blending technique pre-
sented by Churchill and Usagi (1972) to combine the in-
formation from each asymptote into an explicit expres-
sion that predicts the behavior of the solution in the
intermediate region. This blending technique has been
successfully used by a number of researchers for a vari-
ety of solutions, including mixed convection (Lee, Cul-
ham, and Yovanovich, 1991) and transient heat conduc-
tion (Yovanovich, Teertstra, and Culham, 1994), as well
as Wirtz and Stutzman (1982), Bar-Cohen and Rohsenow
(1984) and Churchill (1977) for their analysis of this chan-
nel 
ow problem. The present work will demonstrate the
development of blended solutions for both the Nusselt
number and the non-dimensionalized average exit veloc-
ity.

Average Exit Velocity. In order to e�ectively model
the average 
uid velocity across the exit of the channel
using a blended solution, it is necessary to de�ne the fol-
lowing dimensionless quantity:

u 0 =
u � �eff

�
(1)

This non-dimensional exit velocity u 0 is determined using
the average exit velocity and an e�ective boundary layer
thickness, �eff , de�ned as the thickness of the 
uid layer
at the exit that contributes to the buoyant 
ow. For the
case of a long, narrow channel with small heat 
uxes, the
average velocity u is analogous to the forced convection
bulk velocity and �eff is reduced to half of the channel
width, b=2. At the other limit, where the channel is wide
and short with large values of heat 
ux, u is de�ned as
the average velocity across the hydrodynamic boundary
layer and �eff is the thermal boundary layer thickness
(it is assumed for this analysis that Pr � 1, such that
� = �t). For this isolated plate, natural convection case,
multiplying the average velocity in the boundary layer
by �eff=(b=2) assumes that 
uid movement occurs only
within the boundary layer and the velocity in the core
region between the boundary layers is zero.

The general form of the blended solution for the average



Fig. 3: Schematic of Force Balance in Fully Developed
Channel Flow

exit velocity is as follows:

u 0 =
1" 

1

u 0

fd

!n

+

 
1

u 0

ip

!n#1=n (2)

where u 0

fd is the dimensionless average exit velocity

asymptote for fully-developed 
ow and u 0

ip is the asymp-
tote for natural convection from an isolated plate. These
asymptotes are determined in the following sections.

Fully-Developed Flow. The 
uid velocity within a fully-
developed channel is a constant value, easily determined
by simple force and energy balances on the control volume
shown in Fig. 3:

Buoyant Force = Shear Force+ Flow Restrictions

Power Dissipated = Net Enthalpy Transport

The force balance for the channel formed between two
vertical, uniformly heated parallel plates can be stated in
terms of the channel width, b, length, L, and depth, W :

�g�(bW )

Z L

0

�T (x) dx = �(2LW )
@u

@y

����
y=wall

+ (�Ki + 1)�(bW )
u 2

2
(3)

where the overall loss coe�cient �Ki is a summation of
the K factors that describe pressure losses induced by

ow restrictions due to EMC screens, blockage e�ects, and
large-scale surface roughness. The change of the average
temperature of the 
uid, �T (x), is determined using the
enthalpy balance:

q1(1 + r1)(xW ) = �cp(bW )�T (x)u

�T (x) =
q1(1 + r1)x

�cpbu
(4)

where the heat 
ux ratio r1 is introduced for cases where
the heat 
ux at the left and right sides of the channel, q1
and q2, are di�erent:

r1 =
q2
q1

(5)

Using a parabolic velocity pro�le for fully developed 
ow
the wall shear can be easily determined:

@u

@y

����
y=0

=
@

@y

�
6u

y

b

�
1�

y

b

������
y=0

=
6u

b
(6)

By substituting the wall shear and average temperature
rise into Eq. (??) and simplifying, the following polyno-
mial expression is formed:�
(�Ki + 1)

�b

2

�
u3 +

�
12�L

b

�
u2 �

�
g�q1(1 + r1)L2

2cp

�
= 0

(7)
This polynomial expression can be solved using an iter-

ative root-�nding technique, such as the Newton-Raphson
method. Because the value corresponding to the average
channel velocity will always be the largest positive root
of Eq. (??), the initial \guess" for the Newton-Raphson
iteration should be a velocity that is much larger than any
possible solution, i.e. u = 10m=s.
At the fully-developed 
ow limit, the e�ective boundary

layer thickness is reduced to half the channel width:

�eff = b=2

and the non-dimensionalized exit velocity can be deter-
mined by:

u 0 =
ub

2�
(8)

where u is determined by Eq. (??).

Isolated Plate, Natural Convection. The average 
uid
velocity within the hydrodynamic boundary layer at the
end of an isolated, uniformly heated, vertical plate is avail-
able through a solution of the integral formulations of the
momentum and energy equations:

d

dx

Z �

0

u2 dy = g�

Z �

0

(T � Ta) dy � �
@u

@y

����
y=0

(9)

d

dx

Z �t

0

u (T � Ta) dy = ��
@T

@y

����
y=0

(10)

where an iso
ux boundary condition is imposed at y = 0.
Assuming Pr � 1, such that �t = �, and neglecting the
e�ects of 
ow restrictions results in the following expres-
sions for the velocity and boundary layer thickness at the
channel exit:

u(L; �) = 75�

�
1

450(1 + Pr)

g�q1L
3=2

k�2

�2=5
y

�

�
1�

y

�

�2
(11)

�(L) =

�
450(1 + Pr)

k�2L

g�q1

�1=5
(12)



The average velocity within the boundary layer is avail-
able through an integration of the velocity pro�le over the
boundary layer thickness:

u =
1

�

Z �

0

u(�) dy =
75�

12

�
1

450(1 + Pr)

g�q1L
3=2

k�2

�2=5

(13)
At the isolated plate limit, the e�ective boundary layer
thickness approaches the thermal boundary layer thick-
ness predicted by the integral solution, and the non-
dimensionalized velocity across the left side of the channel
exit becomes:

u 0 =
u�

�
=

25

4Pr

�
Pr

450(1 + Pr)
Ra?L

�1=5
(14)

where:

Ra?L =
g�q1L

4

k�2
Pr (15)

In a similar fashion, the average exit velocity over the right
side of the channel can be determined by Eq. (??) using:

Ra?L =
g�q2L

4

k�2
Pr (16)

Average Exit Velocity Model Summary. Combining
the formulations for the asymptotes at each side of the
channel, Eqs. (??) and (??), into the general expression,
Eq. (??), yields blended solutions for the average exit
velocity: for the left side of the channel:

u 0 =
1"�

2�

bufd

�n

+

�
Pr4(1 + Pr)

21:193

1

Ra?L

�n=5
#1=n (17)

where ufd is the largest positive root of the polynomial
expression resulting from the force balance, Eq. (??), and
Ra?L is calculated using q1 and q2 for the left and right
sides of the channel, respectively. By assuming that the
velocity in the core region between the e�ective boundary
layers is zero, the average velocity across each side of the
channel can be calculated by:

u =
1

b=2

�
u 0�

�eff
�eff

�
(18)

The resulting expression for the average exit velocity for
left and right sides of the channel is:

u =
2�

b
�

"�
2�

bufd

�3

+

�
Pr4(1 + Pr)

21:193

1

Ra?L

�3=5#�1=3
(19)

where the blending parameter n = 3 is chosen based on
the direct relationship between Nu and u at the fully de-
veloped limit, as described in the following section.

Maximum Board Temperature. The maximum
temperature di�erence between the 
uid adjacent to the

channel wall and the ambient is available through the Nus-
selt number, de�ned for this problem as:

NuL =
qL

k(Tmax � Ta)
(20)

where q is the heat 
ux at the wall and Tmax and Ta are
maximum wall and ambient temperatures, respectively.
The blended solution for local Nusselt is:

NuL =
1��

1

Nufd

�n

+

�
1

Nuip

�n�1=n (21)

where Nufd is the Nusselt number asymptote for fully de-
veloped 
ow and Nuip is the asymptote for natural con-
vection from an isolated plate. Each of these asymptotes
is developed in the following sections.

Fully-Developed Flow. If the Nusselt number is de�ned

using the local average temperature, T (x), rather than the
ambient temperature, Ta, it becomes a constant for fully-
developed channel 
ow (Arpaci and Larsen, 1984):

Nub =
qb

2k(Tw(x)� T (x))
=

35

17
(22)

In order to convert this result in terms of the ambient
temperature, an enthalpy balance is performed over the
length L of the channel:

(Q1 +Q2) = _mcp
�
T (x = L)� Ta

�
= �cp(bW )

�
T (x = L) � Ta

�
ufd (23)

where ufd is the average velocity across the channel and
Q1 and Q2 are the total heat applied to the left and right
sides of the channel, respectively. By introducing the heat

ux ratios r1 and r2, the total heat dissipated in the chan-
nel can be expressed as:

(Q1 +Q2) = q1(1 + r1)(LW ) (24)

= q2(1 + r2)(LW ) (25)

where:
r1 =

q2
q1

r2 =
q1
q2

Substituting the energy balance stated in terms of q1 into
Eq. (??) for the channel exit, x = L, gives:

q1b

2k

�
Tmax �

q1(1 + r1)�L

bkufd
� Ta

� =
35

17
(26)

Rearranging this equation in terms of the Nusselt number
formulation in Eq. (??) yields the following:

NuL =

70

17�
b

L
+
70

17
�
(1 + r1)�

b ufd

� (27)



In order to form a proper blended solution, each portion
of the solution must be an asymptote. This requires that
the behavior of Eq. (??) be examined at the limits:

b ! 0

L ! 1

At the fully-developed limit, the �rst term in the denomi-
nator of Eq. (??) is negligible in comparison to the second
term. Therefore, the fully developed asymptote for the lo-
cal Nusselt number becomes:

Nufd =
b u

(1 + r1)�
(28)

for the left side of the channel and:

Nufd =
b u

(1 + r2)�
(29)

for the right side. The fully developed average velocity u
is determined using Eq. (??), as described in the previous
section.

Isolated Plate, Natural Convection. At this limit it is
assumed that the average 
uid velocity within a wide
channel is small enough that the 
ow restrictions caused
by various components in the system module are neg-
ligible. This approximation would allow the use of a
standard solution for the local Nusselt number for the
iso
ux 
at plate, such as the similarity solution of Spar-
row and Gregg (1956). However, as noted by a number
of researchers including Bar-Cohen and Rohsenow (1984),
Aung et al. (1972), Wirtz and Stutzman (1982), and So-
bel et al. (1966), measured data seems to suggest that
the use of an isolated plate solution will underpredict the
Nusselt number by as much as 15% for large Rayleigh
numbers. Each of these authors have recommended that
the coe�cient C in the asymptote:

Nuip = C Ra
? 1=5
L (30)

be larger than the value C = 0:529 predicted by the Spar-
row and Gregg (1956) solution for Pr = 0:7. Aung et
al. (1972) and Wirtz and Stutzman (1982) use the same
value, C = 0:577, while Sobel et al. (1966) recommends
C = 0:583. The largest value is that used by Bar-Cohen
and Rohsenow (1984), C = 0:6355. Because of the sig-
ni�cant discrepancies between these values and the wide
range of experimental results, a combination of these lim-
its is chosen, such that:

Nuip = 0:6Ra? 1=5
L (31)

where:

Ra?L =
g�q1L

4

k�2
� Pr (32)

Ra?L =
g�q2L

4

k�2
� Pr (33)

for the left and right sides of the channel, respectively.
Because these expressions are not dependent on the

channel spacing, it is already an asymptote for the blended
solution and it requires no modi�cation.

Maximum Board Temperature Model Summary. By
combining the formulations for the asymptotes, Eqs. (??)
and (??), into the general expression, Eq. (??), the
blended solution for the local Nusselt number becomes:

NuL =
1"�

(1 + r1)�

b ufd

�n

+

�
1

0:6Ra?L

�n=5
#1=n (34)

where ufd is the fully-developed velocity asymptote, cal-
culated using Eq. (??) from the previous section.
A blending parameter of n = 3 for Eq. (??) has

been recommended both by Lee, Culham and Yovanovich
(1991) based on their work involving a blended solution
for mixed convection, and by Wirtz and Stutzman (1982).
Therefore, the maximum 
uid temperature along surface
1 at the channel exit is determined by:

Tmax =
q1L

k

"�
(1 + r1)�

b ufd

�3

+

�
1

0:6Ra?L

�3=5#1=3
+ Ta

(35)
and along surface 2 using:

Tmax =
q2L

k

"�
(1 + r2)�

b ufd

�3

+

�
1

0:6Ra?L

�3=5#1=3
+ Ta

(36)
where Ra? is calculated using Eqs. (??) and (??).

Heat Transfer Between Channels. The heat trans-
fer analysis presented in the previous section was based on
an isolated channel where all heat 
ows are into the control
volume formed between opposing channel walls. The back
side of each wall is assumed to be adiabatic. However, the
printed circuit boards forming the walls in most micro-
electronics systems are conductive and heat is transferred
between adjacent channels which, in turn, in
uences the
buoyancy driven 
uid 
ows.
Figure 4 shows the schematic representation of the heat


ow paths in the cross section of a typical printed cir-
cuit board. When the board is fully populated with heat
sources, the predominant direction for heat 
ow is directly
from the sources to the surrounding 
uid sink, denoted as
Ta1 and Ta2 , or along a normal path through the board to
the 
uid sink on its back-side. By assuming that heat 
ow
in the plane of the circuit board is minimal in relation to
the heat 
ow across the thickness of the board, a simple
thermal network can be established based on a series path
through the cross section of the board, as shown in Fig. 4.
Two thermal resistances must be considered at each heat
source; �rst, the 
uid resistance between the heat source
and the surrounding 
uid sink, denoted as Rf , and sec-
ond, the contact resistance between the heat source and
the printed circuit board, denoted as Rc.



Fig. 4: Thermal Resistance Network at Channel Walls

Applying the blended solution for the Nusselt number
developed in the previous section, Eq. (??), the thermal
resistance between the heat source junction and the am-
bient can be determined using:

Rf1 =
Tj1 � Ta1

Q1

=
1

kW

"�
(1 + r1)�

b ufd

�3

+

�
1

0:6Ra?L

�3=5
#1=3

(37)

Rf2 =
Tj2 � Ta2

Q2

=
1

kW

"�
(1 + r2)�

b ufd

�3

+

�
1

0:6Ra?L

�3=5
#1=3

(38)

where Ra?L is calculated using q1 and q2 for surfaces 1 and
2, respectively.
The introduction of a contact resistance at the interface

between the heat source junction and the printed circuit
board poses a problem in which three nodal temperatures,
Tw; Tj1 and Tj2, must be known in order to ascertain the
heat 
ow rate from each side of the wall. Because the
problem is indeterminate and cannot be solved directly,
it will be recast in the form of two speci�c cases where,
because of the linearity of the energy equation, the sum of
the solutions to the two cases is the solution to the orig-
inal problem. These cases are presented in the following
sections.

Case 1: QT1 = 0. In this �rst case, the heat distribu-
tion is determined based on QT2 being the active heat
source. An expression for the total heat 
ow rate, QT2,
can be written based on the resistance network shown in
Fig. 4:

QT2 = Q1 +Q2 =
Tj2 � Ta1

Rf1 +Rc1 + Rc2
+
Tj2 � Ta2

Rf2
(39)

By assuming a parabolic temperature distribution in the
channels, the mean ambient temperature can be written
as a function of a mixed channel bulk temperature and

the junction temperature, as:

Ta1 =
3

2
T 1 �

1

2
Tj1 (40)

Ta2 =
3

2
T 2 �

1

2
Tj2 (41)

If we note that:

Tj1 = Tj2 � Q1(Rc1 + Rc2) (42)

then combining Eq. (??) with Eqs. (??) - (??) gives the
heat 
ow rate from surface 1, Q1, as a fraction of the total
heat dissipation:

Q1

QT2
=

(2=3)Rf2 + (T 2 � T 1)=QT2

(2=3)(Rf1 + Rf2) + (Rc1 + Rc2)
(43)

The heat 
ow from surface 2 for case 1 can be easily de-
termined using an energy balance:

Q2

QT2
= 1�

Q1

QT2
(44)

Case 2: QT2 = 0. In this second case, the heat distribu-
tion among the neighboring channels is determined using
QT1 as the active heat source. The analysis in Case 1
can be repeated with subscripts 1 and 2 interchanged to
obtain an expression for the heat 
ow rate fraction as a
function of QT1.

Q1 ((2=3)Rf1) + T 1 = Q2 ((2=3)Rf2 + (Rc1 +Rc2)) + T 2

(45)
WithQT1 = Q1+Q2, Eq. (??) can be rearranged to yield:

Q1

QT1
=

(2=3)Rf2 + (Rc1 + Rc2) + (T 2 � T 1)=QT1

(2=3)(Rf1 + Rf2) + (Rc1 + Rc2)
(46)

which represents the relative portion of QT1 that is dissi-
pated into channel side 1.

Superposition of Case 1 and Case 2. The general case
of a channel wall with heat sources on each side can be
solved by superimposing the solutions presented in Case
1 and Case 2. The overall heat 
ow rate from side 1 is
the sum of Q1 from Eq. (??) and Q1 from Eq. (??). Q2

is then the di�erence between the total Q1 and the total
heat dissipation QT1 +QT2.

MODEL VALIDATION

Validation of the various portions of the model devel-
oped in the preceding section are performed using solu-
tions and measured data from the literature as well as
results generated by FLOTHERM (1994), a �nite volume
based CFD code.
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Fig. 5: Comparison of Exit Velocity Pro�les: (a) Fully Developed Flow, (b) Wide Channel Spacing

Average Exit Velocity. In order to better illus-
trate the concept of the e�ective boundary layer thick-
ness as it is applied in the proposed model for the aver-
age exit velocity, outlet velocity pro�les for two limiting
cases are examined in detail. Velocity pro�les are gener-
ated using FLOTHERM for a fully developed case, with
b = 12:93mm and Q = 2:61W=side, such that the channel
Rayleigh number is near its lower limit, Ra?b = 200, and
for a case approaching isolated plate behavior, b = 50mm,
Q = 2W=side, such that Ra?b = 1:3� 106. These velocity
pro�les are compared to the model in Fig. 5, where the
transition of the e�ective boundary layer thickness �eff
between its limits of b=2 and �t is clearly demonstrated.
The average exit velocity calculation is validated for a

wide range of Rayleigh numbers using FLOTHERM re-
sults and measured values from Fujii et al. (1994), as
shown in Fig. 6. In order to compare these results, it is
convenient to non-dimensionalize the average exit velocity
using the channel Reynolds number:

Reb =
ub

�
(47)

and the aspect ratio b=L.
As can be seen from Fig. 6, the model has excellent

agreement with both the CFD results and the measured
values for the cases Ra < 104. However, at the higher
Rayleigh numbers, the model begins to underpredict the
numerical values. This can be explained by examining
the assumption that the 
uid outside the boundary lay-
ers has a velocity of u = 0m=s, as described by Eq. (??)
and demonstrated by Fig. 5 (b). This simpli�cation in-
troduces inaccuracy into the model for channels in the
intermediate region, Ra?b � 105 � 106, leading to an un-
derprediction of the average exit velocity by 10 - 15 % for
these cases. However, through the enthalpy balance this
lower velocity leads to an over-prediction of the average

uid temperature, a consistent conservative estimate use-

102 103 104
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101

Reb (b/L)

Ra*
b

Proposed Model

CFD Model
Fujii et.al. (1994)

Fig. 6: Average Exit Velocity Model Validation

ful for most thermal analyses.

Maximum Board Temperature. In Fig. 7 the
blended solution for the Nusselt number is compared both
to the models of Wirtz and Stutzman (1982), Miyatake
and Fujii (1974) and Bar-Cohen and Rohsenow (1984),
and to the measured values presented by Johnson (1986)
for a single, symmetrically heated channel with Rayleigh
number in the range 1 < Ra?b < 105. As can be seen from
this �gure, the blended solution has excellent agreement
with the existing models for the symmetrically heated,
iso
ux channel over the full range of channel spacings and
heat 
ux values. The proposed model also accurately pre-
dicts the majority of the measured data reported by John-
son (1986), where the scatter of the data in the range
10 < Ra?b < 100 can be attributed to variations in the
experimental apparatus from smooth boards to actual cir-
cuit cards with packages.
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The e�ects of 
ow restrictions on the solution for the
Nusselt number are examined more closely using the ex-
perimental results presented by Birnbreier (1981). Figure
8 presents these measured values and several solutions us-
ing 
ow restriction values between K = 0 and K = 40
in terms of the channel Rayleigh number for the range
10 < Ra?b < 105. The apparatus used by Birnbreier (1981)
was constructed to represent an actual thermal module,
with blockages at the inlet and outlet that reduced the air

ow cross section to about 65 %. Using a simple model
for the 
ow restriction caused by a narrowed section in a
uniform channel (Idelchik, 1994), this 65 % open area can
be shown to correspond toK � 4. In addition to these en-
trance and exit 
ow restrictions, 8mm thick te
on blocks
were attached to the boards at various locations in or-
der to simulate the blockage e�ects of large packages or
connectors. The e�ects of adding these packages varies
as a function of the channel spacing, with little e�ect for
Ra > 104 and larger e�ects for smaller values. At the
lower limit, where channel spacing is reduced to 13:6mm,
these 8mm blocks have a substantial impact on the solu-
tion, as re
ected by the 
ow restriction parameterK = 40
shown in Fig. 8.

CONCLUSIONS

An analytically based model for determining 
uid veloc-
ities and wall temperatures in system modules containing
multiple printed circuit cards has been developed. The
circuit boards are modeled as uniformly heated, vertically-
oriented parallel plates and the solutions are blended
combinations of fully-developed channel 
ow and isolated
plate, natural convection asymptotes. This proposed solu-
tion includes 
ow restriction factors which can be used to
model the e�ects of EMC screens, 
ow divertors and baf-

es, and 
ow blockages. The multi-channel model also in-
cludes an algorithm for determining the heat distribution
between adjacent channels for cases involving asymmetric
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Fig. 8: E�ects of Flow Restrictions on Nub vs. Ra?b

heating.
Good agreement has been demonstrated between the

blended solution for the Nusselt number and existing mod-
els and experimental values from the open literature for a
wide range of channel spacings and heat 
ux values. The
blended solution for the average exit velocity, when com-
pared numerical results and the available measured values,
also showed good agreement. Finally, the e�ects of the K
factor have been examined using measured data for vari-
ety of simulated 
ow restrictions.
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