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ABSTRACT
An entropy generation minimization, EGM, method is ap-

plied to study the thermodynamic losses caused by heat trans-
fer and pressure drop for the fluid in a cylindrical pin-fin heat
sink and bypass flow regions. A general expression for the en-
tropy generation rate is obtained by considering control volumes
around heat sink and bypass regions. The conservation equa-
tions for mass and energy with the entropy balance are applied
in both regions. Inside the heat sink, analytical/empirical cor-
relations are used for heat transfer coefficients and friction fac-
tors, where the reference velocity used in Reynolds number and
pressure drop is based on the minimum free area available for
the fluid flow. In bypass regions theoretical models, based on
laws of conservation of mass, momentum and energy, are used
to predict flow velocity and pressure drop. Both in-line and stag-
gered arrangements are studied and their relative performance
is compared for the same thermal and hydraulic conditions. A
parametric study is also performed to show the effects of bypass
on the overall performance of heat sinks.

INTRODUCTION
Pin-fin heat sinks provide a large surface area for the dis-

sipation of heat and effectively reduce the thermal resistance of
the package at the cost of higher pumping power. They often
take less space and contribute less to the weight and cost of the
product. For these reasons, they are widely used in applications
where heat loads are substantial and/or space is limited. They
are also found to be useful in situations where the direction of

the approaching flow is unknown or may change. They are usu-
ally mounted on circuit boards where significant clearances are
available on the sides and at the top. Due to higher resistance for
flow through the heat sink, the approaching cooling fluid takes
a detour around the heat sink, which always results in a better
hydraulic performance with lesser thermal performance.

Many researchers [1-12] have conducted experiments to
study the effects of side/top bypass clearance ratios on heat trans-
fer and pressure drop in pin-fin heat sinks. Bejan [13-17] demon-
strated the use of EGM for optimization in different applications.
Culham and Muzychka [18], and Khan et. al [19-22] extended
that use in optimizing fully shrouded heat sinks.

Following Kern and Kraus [23], Sonn and Bar-Cohen [24]
and Iyengar and Bar-Cohen [25, 26] performed a least material
optimization of cylindrical pin-fin, plate-fin, and triangular-fin
array geometries by extending the use of least-material single
fin analysis to multiple fin arrays. Bar-Cohen and Jelinek [27]
developed guidelines and design equations for optimum plate-fin
arrays.

It is obvious from the literature survey that all optimization
studies, related to cylindrical pin-fin heat sinks, are limited to the
optimization of fully shrouded heat sinks. The authors could not
find any study related to optimization of pin-fin heat sinks in by-
pass flow. In this study, all relevant design parameters for pin-fin
heat sinks, including clearance ratios, geometric parameters, and
flow conditions are optimized simultaneously by minimizing di-
mensionless entropy generation rateNssubject to manufacturing
and design constraints.
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NOMENCLATURE

Ab Area of the base plate≡ L×W2, m2

Af Frontal face area of heat sink, m2

a Dimensionless longitudinal pitch≡ SL/D
b Dimensionless transverse pitch≡ ST/D
c Dimensionless diagonal pitch≡ SD/D
C1,C2 Constants defined in Eq. (3)
CLs Side clearance ratio≡ 2W1/W2

CLt Top clearance ratio≡ H2/H1

c Dimensionless diagonal pitch≡ SD/D
D Pin diameter, m
Dh Hydraulic diameter, m
f Friction factor
g, l equality and inequality constraints
G Volume flow rate,m3/s
H Height of duct,m
h Average heat transfer coefficient, W/m2 · K
j number of imposed constraints
Kc Correction factor defined in Eq. (23)
K1,K2,K3 Constants defined in Eq. (5)
k Thermal conductivity, W/m· K
kc,ke Contraction and expansion coefficients
L Lagrangian function
L Length of heat sink in flow direction, m
ṁ mass flow rate,kg/s
m Fin performance parameter defined in Eq.

(16), m−1

N Total number of pins in heat sink≡ NTNL

NL Number of pins in longitudinal direction
NT Number of pins in transverse direction
NuD Nusselt number based on pin diameter≡ Dh/kf

Ns dimensionless entropy generation rate
P Pressure, Pa
Pr Prandtl number≡ ν/α
Q Total heat transfer rate, W
Rc Contact resistance between fins and the baseplate,

K/W
Rf ilm Thermal resistance of exposed (unfinned) surface

of the baseplate, K/W
Rf in Resistance of a fin, K/W
Rm Material resistance of the baseplate, K/W
ReD Reynolds number based on pin diameter≡ DUmax/ν
ReDh Reynolds number based on hydraulic diameter

≡ DhU/ν
SD Diagonal pitch,m
SL Longitudinal distance between two consecutive

pins, m
ST Transverse distance between two consecutive

pins, m
T Temperature,K
tb Thickness of baseplate,m

U Velocity, m/s
Uapp Approach velocity,m/s
Umax Maximum velocity in minimum flow area, m/s
W Width of duct,m
W2 Width of heat sink,m

Greek Symbols
∆P Pressure drop,Pa
η f in Fin efficiency≡ tanh(mHf in)/(mHf in)
γ aspect ratio≡ Hf in/D
µ Absolute viscosity of fluid,kg/ms
ν Kinematic viscosity of fluid,m2/s
ρ Fluid density,kg/m3

Subscripts
1 Side bypass
2 Top bypass
a Ambient
b Base plate or unfinned surface of baseplate
d Duct
f Fluid
f in Single fin
f ins All fins with exposed base plate area
hs Heat sink
m Bulk material
T Thermal
w Wall

ANALYSIS

The front, side and top views of an in-line pin-fin heat sink
are shown in Fig. 1. The dimensions of the baseplate areW2×
L× tb, whereW2 is the width of the heat sink, L is the length
measured in the downstream direction andtb is the thickness of
the base plate. The dimensions of the duct areW×H,whereW
is the width andH is the height of the duct. The dimensions
of the side bypass areW1×H1, where as the dimensions of the
top bypass areW×H2. Flow in side and top bypass regions is
assumed as inviscid flow. The pin-fins can be arranged in in-line
or staggered manner.

Each pin fin has diameter D and heightHf in. The dimen-
sionless longitudinal and transverse pitches area = SL/D and
b = ST/D. The source of heat is applied to the bottom of the
heat sink. The flow is assumed to be laminar, steady, and two
dimensional. The duct velocity of the fluid isUd and the ambi-
ent temperature isTa. There is no leakage of fluid from the top
or sides. The wall temperature of the pin isTw(> Ta) and the
baseplate temperature isTb. The side and top clearance ratios are
defined as
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CLs =
2W1

W2

CLt =
H2

H1





(1)

Khan et al. ([19] used law of conservation of mass and en-
ergy and obtained the expressions for the average velocities in
side bypass, top bypass and just in front of heat sink regions.

U1 =
C2Ud

a1C2 +a2C1 +afC1C2

U2 =
C1Ud

a1C2 +a2C1 +afC1C2

Uapp =
C1C2Ud

a1C2 +a2C1 +afC1C2





(2)
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Fig. 1 Front, Top and Side Views of an In-Line Pin-Fin Heat
Sink in Bypass Flow.

where

C1 =

√
1+K1

1+σ2
3K3

C2 =

√
1+K2

1+σ2
3K3





(3)

and

a1 =
A1

Ad

a2 =
A2

Ad

af =
Af

Ad





(4)

with

K1 = f1
L

Dh1

K2 = f2
L

Dh2

K3 = f3(kc +ke+ f3NL)





(5)

MODEL DEVELOPMENT
In the heat sink region, the entropy generation associated

with heat transfer and frictional effects serve as a direct measure
of the ability to transfer heat to the surrounding cooling medium.
In the bypass regions, entropy generation is associated with the
fluid flow only. A model that establishes a relationship between
the total entropy generation rate and heat sink design parameters
can be optimized in such a manner that all relevant design condi-
tions combine to produce the best possible heat sink for the given
constraints. The total entropy generation rate can be written as

Ṡgen= Ṡgen,hs+ Ṡgen,bp (6)

where the entropy generation rate in the heat sink can be obtained
by following Bejan [28] and Khan et. al [20-22] and applying the
laws of conservation of mass and energy with the entropy balance
and can be written as

Ṡgen,hs=
(

Q2

TaTbp

)
Rhs+

ṁ∆Phs

ρTa
(7)
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Similarly, the entropy generation rate in the bypass region due to
fluid flow can be written as

Ṡgen,bp =
ṁ∆Pbp

ρTa
(8)

where∆Pbp is the total pressure drop in the bypass regions and
can be written as

∆Pbp = 2∆P1 +∆P1 (9)

with

∆P1 =
(

1
2

ρU2
1

)
f1(L/Dh1)

∆P2 =
(

1
2

ρU2
2

)
f2(L/Dh2)





(10)

wheref1 and f2 are the friction factors in the side and top bypass
regions and are given by

f1 =
24

ReDh1

and f2 =
24

ReDh2

(11)

This assumes fully-developed flow between parallel plates.
Equation (11) shows that the entropy generation rate in the heat
sink depends on the heat sink resistance and the pressure drop
across the heat sink, provided that the heat load, mass flow rate
and ambient conditions are specified. The lumped heat sink re-
sistance is given by:

Rhs = Rm+Rf ins (12)

whereRm is the bulk material resistance, given by:

Rm =
tbp

kA
(13)

andRf ins is the overall resistance of the fins and the exposed base
plate, which can be written as:

Rf ins =
1

N
Rc +Rf in

+
1

Rbp

(14)

where

Rc =
1

hcAc

Rf in =
1

hf inAf inη f in

Rbp =
1

hbpAbp





(15)

with

η f in =
tanh(mH)

mH

m =

√
4hf in

kD





(16)

Khan [28] developed the following analytical correlation for the
dimensionless heat transfer coefficient for the cylindrical fin ar-
ray:

NuD f in =
hf inD

kf
= C3Re1/2

D Pr1/3 (17)

whereC3 is a constant which depends on the longitudinal and
transverse pitches, arrangement of the pins, and thermal bound-
ary conditions. For isothermal boundary condition, it is given
by:

C3 =





[0.2+exp(−0.55a)]b0.285a0.212 In-Line arrangement

0.61b0.091a0.053

[1−2exp(−1.09a)]
Staggered arrangement

(18)
The heat transfer coefficient for the base plate,hbp, can be deter-
mined by considering it a finite plate. Khan [28] developed the
following analytical correlation for dimensionless heat transfer
coefficient for a finite plate:

NuL =
hbpL
kf

= 0.75Re
1/2
L Pr1/3 (19)

whereL is the length of the base plate in the streamwise direc-
tion. The mass flow rate through the pins is given by:

ṁ= ρUappNTbHf inD (20)
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The pressure drop associated with flow across the pin fins is given
by:

∆Phs = f3
ρU2

max

2
NL (21)

where the friction factorf depends on the Reynolds number and
the array geometry, and it can be written as:

f3 =





Kc
[
0.233+45.78/(b−1)1.1ReD

]
In-Line arrangement

Kc
[
378.6/b13.1/b

]
/Re0.68/b1.29

D Staggered arrangement
(22)

whereKc is a correction factor depending upon the flow geome-
try and arrangement of the pins. It is given by:

Kc =





1.009

(
b−1
a−1

)1.09/Re0.0553
D

In-Line arrangement

1.175(a/bRe0.3124
D )+0.5Re0.0807

D Staggered arrangement
(23)

All the correlations for friction and correction factors are derived
from graphs given iňZukauskas [29]. The velocityUmax, in Eq.
(21), represents the maximum average velocity seen by the array
as flow accelerates between pins, and is given by:

Umax= max

{
b

b−1
Uapp,

b
c−1

Uapp

}
(24)

wherec =
√

a2 +(b/2)2 is the dimensionless diagonal pitch.
The dimensionless entropy generation rate can be written as

Ns= Ṡgen/(Q2Umax/kf νT2
a ) (25)

OPTIMIZATION PROCEDURE
The problem considered in this study is to minimize the di-

mensionless entropy generation rate, given by Eq. (7), for the
optimal overall performance of the tube bank. Iff (x) represents
the dimensionless entropy generation rate that is to be minimized
subject to equality constraintsgj(x1,x2, ..,xn) = 0 and inequality
constraintslk(x1,x2, ..,xn) ≥ 0, then the complete mathematical
formulation of the optimization problem may be written in the
following form:

minimize f(x) = Ns(x) (26)

subject to the equality constraints

gj(x) = 0, j = 1,2, ....,m (27)

and inequality constraints

l j(x) ≥ 0, j = m+1, ....,n (28)

The objective function can be redefined by using Lagrangian
function as follows:

L(x,λ,χ) = f (x)+
m

∑
j=1

λ jgj(x)−
n

∑
j=m+1

χ j l j(x) (29)

whereλ j andχ j are the Lagrange multipliers. Theλ j can be pos-
itive or negative but theχ j must be≥ 0. The necessary condition
for x∗ to be a local minimum of the problem, under consideration,
is that the Hessian matrix ofL should be positive semidefinite,
i.e.,

vT ∇ 2[(x∗,λ∗,χ∗)]v ≥ 0 (30)

For a local minimum to be a global minimum, all the eigenvalues
of the Hessian matrix should be≥ 0.

A system of non-linear equations is obtained, which can be
solved using numerical methods such as a multivariable Newton-
Raphson method. This method has been described in Stoecker
[30] and applied by Culham and Muzychka [31], and Khan et al.
[22] to study the optimization of plate or pin fin heat sinks. In
this study, the same approach is used to optimize the overall per-
formance of a tube bank in such a manner that all relevant design
conditions combine to produce the best possible tube bank for
the given constraints. The optimized results are then compared
for in-line and staggered arrangements.

A simple procedure was coded in MAPLE 10, a sym-
bolic mathematics software, which solves the system ofN
non-linear equations using the multivariable Newton-Raphson
method. Given, the Lagrangian L, the solution vector[x], ini-
tial guess[x0], and maximum number of iterationsNmax, the pro-
cedure systematically applies the Newton-Raphson method un-
til the desired convergence criteria and/or maximum number of
iterations is achieved. The method is quite robust provided an
adequate initial guess is made.

RESULTS AND DISCUSSION
The parameters given in Table 1 are used as the default case

to determine the thermal and hydraulic resistances and entropy
generation rate for both in-line and staggered pin-fin heat sinks
in bypass flow. The air properties are evaluated at the ambient
temperature.

The effect of side and top clearance ratio on thermal resis-
tance and total pressure drop is shown in Fig. 2. In each case, the
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Table 1. ASSUMED PARAMETRIC VALUES IN BYPASS FLOW

Quantity Parameter Values

Footprint (mm2) 50×50

Source Dimensions (mm2) 50×50

Baseplate Thickness (mm) 2

Pin Diameter (mm) 4

Overall Height of Heat Sink (mm) 50

Duct Flow Rate (m3/s) 0.01

Thermal Conductivity of Solid (W/m·K) 210

Thermal Conductivity of Fluid (W/m·K) 0.026

Thermal Contact Conductance (W/m2 ·K) 104

Density of Fluid (kg/m3) 1.1614

Specific Heat of Fluid (J/kg·K) 1007

Kinematic Viscosity (m2/s) 1.58×10−5

Prandtl Number 0.71

Heat Load (W) 10

Ambient Temperature (0C) 27

thermal resistance is increasing while pressure drop is decreasing
with the increase in side and/or top clearance ratios respectively.
It is due to the fact that with the increase in side or top clearance
ratio, pressure drop in the heat sink decreases whereas thermal
resistance increases since the effective resistance for the flow de-
creases. Note that forCLs = 0 andCLt = 0, the entire flow goes
through the heat sink and the total thermal resistance of the heat
sink is minimum. Thus, the thermal resistance is a direct mea-
sure of the deterioration of the thermal performance due to the
presence of side and top bypass regions around the heat sink.
However, with both side and top clearance ratios, the thermal
performance increases further. In each case, the optimum point
(whereRth and∆P intersect) increases with the increase inCLt

but remain fixed forCLs. The effect of side and top clearance
on the dimensionless entropy generation rate is shown in Fig. 3
for fixed pin diameter and volume flow rate. The optimum en-
tropy generation rate remains constant with the increase in side
clearance and decrease in top clearance. It is due to the complex
behavior of the entropy generation rate due to increase/decrease
in side/top clearance ratios.
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Fig. 2 THERMAL RESISTANCE AND PRESSURE DROP
IN SIDE AND TOP BYPASS FLOWS.

Figure 4 shows the effects of pin diameter and side clearance
ratios on the dimensionless entropy generation rate for an in-
line arrangement. It is obvious from the figure that for a fixed
top clearance ratio, the dimensionless entropy generation rate de-
creases with increase in side clearance ratio and decrease in pin
diameter. In the in-line arrangement, with the decrease in pin
diameter, the heat transfer surface area decreases that allows the
increase in pressure drop keeping the longitudinal or transverse
pitch ratios fixed.

The effect of pin height on the dimensionless entropy gen-
eration rate is shown in Fig. 5 for an in-line arrangement.
For each pin height, optimum entropy generation rate and op-
timum Reynolds number exist which decrease with decrease in
pin height and increase in Reynolds number based on pin diam-
eter and the maximum velocityUmax within the pin-fins.
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Fig. 3 DIMENSIONLESS ENTROPY GENERATION
RATE Vs SIDE AND TOP CLEARANCE.
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Fig. 4 DIMENSIONLESS ENTROPY GENERATION
RATE Vs SIDE CLEARANCE FOR DIFFERENT PIN

DIAMETERS.

It was observed thatUmax is maximum, when the top clearance
ratio is zero and decreases with increase inCLt . The effect of side
clearance ratio on thermal resistance and total pressure drop in
both in-line and staggered arrangements is shown in Fig. 6 for a
fixed top clearance ratio. As expected, in both arrangements, the
thermal resistance increases and pressure drop decreases with in-
crease in side clearance ratio. For a fully shrouded heat sink (i.e.,
CLs = 0 andCLt = 0), the pressure drop is maximum whereas
thermal resistance is minimum. Pressure drop in the heat sink
decreases with an increase in the side clearance ratio since the
effective resistance for the flow decreases. The staggered ar-
rangement shows higher pressure drop in the heat sink and lower
thermal resistance for anyCLs.

The effects of pin height on the performance of cylindrical
pin-fin heat sinks in side bypass flow are shown in Fig. 7 for
both arrangements. The optimum dimensionless entropy gen-
eration rate decreases with the decrease in pin heights for both
arrangements. The in-line arrangement performs much better for
all three cases. The optimum Reynolds number inecreases with
a decrease in pin height for both arrangements. Figure 7 also
shows the effects of Reynolds number on the performance of heat
sinks in side bypass flow for both arrangements. For different pin
heights, in-line arrangements give better performance for higher
Reynolds numbers and smaller pin heights.

Conclusions
An optimal design of cylindrical pin-fin heat sinks in side

and top bypass flows is obtained for both the in-line and stag-
gered arrangements. The effects of side and top clearance ratios,
pin diameter, pin height, and Reynolds numbers are examined
with respect to their roles in influencing optimum design condi-

tions and the overall performance of the pin-fin heat sink. It is
demonstrated that

1. Thermal resistance increases whereas pressure drop de-
creases with increase in side and/or top clearance ratios.

2. The dimensionless entropy generation rate decreases with
increase in side/top clearance ratio and decrease in pin di-
ameter.

3. The optimum dimensionless entropy generation rate and
Reynolds numbers decrease with decrease in pin height.

4. The staggered arrangement shows higher pressure drop and
lower thermal resistance for any clearance ratio.

5. The in-line arrangement shows better performance for any
pin height and side/top clearance ratio.
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Fig. 5 DIMENSIONLESS ENTROPY GENERATION
RATE Vs SIDE CLEARANCE FOR DIFFERENT PIN

HEIGHTS.
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Fig. 6 COMPARISON OF THERMAL RESISTANCE AND
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ARRANGEMENTS.
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Fig. 7 COMPARISON OF DIMENSIONLESS ENTROPY
GENERATION RATE IN-LINE AND STAGGERED

ARRANGEMENTS.
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