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Cylinders: Analytical Study
An integral approach of the boundary layer analysis is employed for the modeling of fluid
flow around and heat transfer from infinite circular cylinders in power-law fluids. The
Von Karman-Pohlhausen method is used to solve the momentum integral equation
whereas the energy integral equation is solved for both isothermal and isoflux boundary
conditions. A fourth-order velocity profile in the hydrodynamic boundary layer and a
third-order temperature profile in the thermal boundary layer are used to solve both
integral equations. Closed form expressions are obtained for the drag and heat transfer
coefficients that can be used for a wide range of the power-law index, and generalized
Reynolds and Prandtl numbers. It is found that pseudoplastic fluids offer less skin friction
and higher heat transfer coefficients than dilatant fluids. As a result, the drag coefficients
decrease and the heat transfer increases with the decrease in power-law index. Compari-
son of the analytical models with available experimental/numerical data proves the ap-
plicability of the integral approach for power-law fluids. �DOI: 10.1115/1.2241747�
ntroduction
Many practical situations need a knowledge of fluid flow

round and heat transfer from horizontal cylinders subjected to
ross flow of non-Newtonian fluids. These fluids are classified by
ifferent authors in different ways. One important classification is
he purely viscous fluids �Cho and Hartnett �1��. These fluids are
urther subdivided in to shear thinning �or pseudoplastic, e.g.,
lues, blood, and polymer melts�, viscoplastic �or yield value, e.g.,
aints and concentrated suspensions� fluids, and shear thickening
or dilatant, e.g., wet sand, sugar, and borax solutions� fluids. In
his study, fluid flow and heat transfer characteristics of these flu-
ds across a circular cylinder are investigated using a power-law

odel. This model is based on the fact that both fluids exhibit a
egion of linear relationship between stress and strain rate when
iewed on a log-log plot �Chhabra and Richardson �2��.

iterature Review
Fluid flow around and heat transfer from circular cylinders in

ross flow to Newtonian fluids has been extensively studied theo-
etically, experimentally, and numerically by many researchers
Khan et al. �3�� but for non-Newtonian and especially for power-
aw fluids these types of studies are very limited. From a theoret-
cal point of view, Acrivos et al. �4� were the first who investi-
ated the forced convective heat transfer from an isothermal flat
late to power-law fluids using analytical-numerical approach.
ater, Schowalter �5�, Shah et al. �6�, Acrivos et al. �7�, and Lee
nd Ames �8� extended that work to solve 2-D boundary layer
quations by using similarity transformations. Bizzell and Slattery
9� used the Von Karman-Pohlhausen integral method to analyze
oundary layer on a sphere and calculated points of separation for
ifferent values of power-law index. However, no attempt was
ade to investigate heat transfer to power-law fluids. Wolf and
zewczyk �10� used Blasius series approach to investigate heat

ransfer from arbitrary cylinders to power-law fluids while Serth
nd Kiser �11� used Goertler series method to solve 2-D boundary
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layer equations for power-law fluids. Lin and Chern �12� and Kim
et al. �13� presented laminar momentum boundary-layer analysis
for non-Newtonian fluids by using the Merk-Chao expansion
method. They obtained numerical and closed form solutions to the
universal functions and then applied them to analyze the wedge
flow and the flow over a circular cylinder and a sphere.

Mizushina and Usui �14� developed a theoretical framework for
the laminar boundary heat transfer from a horizontal cylinder sub-
merged in power-law fluids and expressed Nusselt number at the
front stagnation point in the form

NuD = 1.04n−0.4ReDp
1/�n+1�Prp

1/3 �1�
Nakayama et al. �15�, Shenoy and Nakayama �16�, Nakayama
�17�, and Anderson �18� extended the Von Karman-Pohlhausen
integral method to obtain solutions to both momentum and energy
equations for power-law fluid flows past wedges, cones, and axi-
symmetric bodies.

From the experimental point of view, Shah et al. �6�, Luikov et
al. �19–21�, James and Acosta �22�, Takahashi et al. �23�, Mi-
zushina et al. �24�, Mizushina and Usui �14�, Kumar et al. �25�,
Ghosh et al. �26�, Rao �27� measured local heat/mass transfer
coefficients for the non-Newtonian fluids from a circular cylinder
in cross flow and determined average heat transfer. Ghosh et al.
�28� also reviewed the bulk of the literature on non-Newtonian
fluids. Mizushina et al. �24� developed the following empirical
correlation for the Nusselt number averaged over the circumfer-
ence of the cylinder:

NuD = 0.72n−0.4ReDp
1/�n+1�Prp

1/3 �2�
whereas Ghosh et al. �26� developed the following empirical cor-
relation for heat and mass transfer from a cylinder in cross flow to
power-law fluids:

NuD = 0.785 ReDp
1/2Prp

1/3 for 10 � ReDp � 25,000 �3�

Coelho and Pinho �29–31� performed a series of experiments to
study the flow of non-Newtonian fluids around a cylinder. They
measured shedding frequency, the formation length �lf� and the
pressure distribution around a cylinder and determined the shed-
ding regimes and the drag coefficients.

D’Alessio and Pascal �32� investigated numerically the steady
power-law flow around a circular cylinder at three different Rey-
nolds numbers ReDp=5, 20, and 40 using a first-order accurate

difference method for a fixed blockage ratio. They found that the
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ritical Reynolds number, wake length, separation angle, and drag
oefficient depend on the power-law index. Chhabra et al. �33�
xtended that work by using a more accurate second-order finite
ifference method, more refined computational meshes, and
reater blockage ratio and power-law index ranges in order to
nvestigate the effect of blockage on drag coefficient, wake length,
eparation angle, and flow patterns over wide ranges of condi-
ions. Agarwal et al. �34� investigated numerically the momentum
nd thermal boundary layers for power-law fluids over a thin
eedle under wide ranges of kinematic and physical conditions.
hey introduced a similarity variable and transformed the momen-

um and energy equations into ordinary differential equations.
hey reported extensive results on axial velocity profiles, shear
tress, and skin friction distribution on the surface of the needle,
emperature and local Nusselt number variation, and momentum
nd thermal boundary layer thicknesses in the following ranges of
onditions: 0.2�n�1.6, 1�Pr�1000, Re�106 and for three
eedle sizes.

In this study, an approximate method, based on the Karman-
ohlhausen integral momentum and energy equations, is used to
tudy the fluid flow and heat transfer in power-law fluids across a
ingle circular cylinder.

nalysis
Consider a uniform flow of a non-Newtonian �power-law� fluid

ast a fixed circular cylinder of diameter D, with vanishing circu-
ation around it, as shown in Fig. 1. The approaching velocity of
he fluid is Uapp and the ambient temperature is assumed to be Ta.
he surface temperature of the wall is Tw��Ta� in the case of the

sothermal cylinder and the heat flux is q for the isoflux boundary
ondition. The flow is assumed to be laminar, steady, and two
imensional. The fluid is assumed to be incompressible with con-
tant thermophysical and rheological properties. The potential
ow velocity just outside the boundary layer is denoted by U�s�.
sing an order-of-magnitude analysis �Khan �35��, the reduced

quations of continuity, momentum, and energy in the curvilinear
ystem of coordinates �Fig. 1� for a power-law fluid can be written
s:
ontinuity:

�u

�s
+

�v
��

= 0 �4�

-Momentum:

u
�u

�s
+ v

�u

��
= −

1

�

dP

ds
+

1

�

��w

��
�5�

-Momentum:

dP

d�
= 0 �6�

Fig. 1 Flow over circular cylinder
nergy:

ournal of Heat Transfer
u
�T

�s
+ v

�T

��
= �

�2T

��2 �7�

with

−
1

�

dP

ds
= U�s�

dU�s�
ds

�8�

and

�w = m�� �u

��
�n�

�=0

�9�

where m is a consistency index for non-Newtonian viscosity and n
is called power-law index, that is �1 for pseudoplastic, =1 for
Newtonian, and �1 for dilatant fluids.

Hydrodynamic Boundary Conditions
The assumptions of no slip boundary condition at the cylinder

wall �u=0, at �=0�, no mass flow through the cylinder wall �v
=0 at �=0�, and the potential flow just outside the boundary layer
�u=U�s� at �=��s�� give the following complete set of hydrody-
namic conditions:

�i� at the cylinder surface, i.e., at �=0

u = 0
�2u

��2 = −

U�s�
dU�s�

ds

n	� �u

��
�n−1 �10�

where 	=m /�,
�ii� at the edge of the boundary layer, i.e., at �=��s�

u = U�s�,
�u

��
= 0

�2u

��2 = 0 �11�

These conditions will help in determining the velocity distribution
inside the boundary layer.

Thermal Boundary Conditions
The assumptions of uniform wall temperature �UWT� and uni-

form wall flux �UWF� boundary conditions give the following
complete set thermal conditions:

�i� at the cylinder surface, i.e., at �=0

�2T

��2 = 0, �T = Tw for UWT

�T

��
= −

q

kf
for UWF

�12�

�ii� at the edge of thermal boundary layer, i.e., at �=�T

T = Ta

�T

��
= 0 �13�

Using these thermal conditions, the temperature distributions in-
side the thermal boundary layer can be determined.

Velocity Distribution
Assuming a thin hydrodynamic boundary layer around the cyl-

inder, the velocity distribution inside the boundary layer, satisfy-
ing Eqs. �10� and �11�, can be approximated by a fourth-order
polynomial as suggested by Pohlhausen �36�:

u

U�s�
= �2�H − 2�H

3 + �H
4 � +




6
��H − 3�H

2 + 3�H
3 − �H

4 � �14�

where 0��H=� /��s��1 and 
 is the pressure gradient param-

eter, given by
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W
t

T

t
f
=

f

f

B

w
l

a

U
b

a

S

E
fi

w

8


 =

dU�s�
ds

�n+1U�s�1−n�2 +



6
�1−n

n	
�15�

ith the help of velocity profiles, Schlichting �37� showed that
he parameter 
 is restricted to the range −12�
�12.

emperature Distribution
Assuming a thin thermal boundary layer around the cylinder,

he temperature distribution in the thermal boundary layer, satis-
ying Eqs. �12� and �13�, can be approximated, in terms of �T
� /�T, by a third-order polynomial

T − Ta

Tw − Ta
= 1 −

3

2
�T +

1

2
�T

3 �16�

or the isothermal boundary condition and

T − Ta =
2q�T

3kf
�1 −

3

2
�T +

1

2
�T

3� �17�

or the isoflux boundary condition.

oundary Layer Parameters
The momentum integral equation can be written as

U2d�2

ds
+ �2�2 + �1�U

dU

ds
=

1

�
�w �18�

here �1 and �2 are the displacement and momentum boundary
ayer thicknesses and are given by

�1 = �	
0

1 
1 −
u

U�s��d�H �19�

nd

�2 = �	
0

1
u

U�s�
1 −
u

U�s��d�H �20�

sing velocity distribution from Eq. �14�, Eqs. �19� and �20� can
e written as

�1 =
�

10
�3 −




12
� �21�

nd

�2 =
�

63
�37

5
−




15
−


2

144
� �22�

implifying and arranging the terms in Eq. �18�, we get

U�2
n

	Un−1

d�2

ds
+ �2 +

�1

�2
��2

n+1U1−n

	

dU

ds
= ��2

�
�n�2 +




6
�n

�23�

Assuming

Z =
�2

n+1U1−n

	
K = Z

dU

ds

q. �23� can be reduced to a nonlinear differential equation of the
rst order for Z, which can be written as

dZ

ds
=

F

U
�24�
here

72 / Vol. 128, SEPTEMBER 2006
F =

K� �n + 1��2 +



6
�

n
− �1 + 3n�
��2

�
� − �n + 1�
��1

�
�


��2

�
�

�25�

At the stagnation point s=0, U=0. Since dZ /ds cannot be in-
finite, F must be zero at the stagnation point. Hence

�n + 1��2 +



6
�

n
− �1 + 3n�
��2

�
� − �n + 1�
��1

�
� = 0 �26�

which gives the values of the pressure gradient parameter 
 for
different values of n at the stagnation point. Due to limitations of
the method used in this study, no root of Eq. �26� could be found
in the range −12�
�12 for n�0.895. Bizzell and Slattery �9�
could calculate the roots for 0.7358�n�1.0 only, whereas Mi-
zushina and Usui �14� calculated the roots in the range 0.895
�n�1.19. In the present study, the values of 
 are calculated for
n�0.895. These values are plotted in Fig. 2 as a function of n.

Following Walz �38�, the function F can be approximated by a
straight line

F = a − bK �27�

where the constants a and b are determined for each power index
n. From Eq. �25�, the values of K and F are obtained for different
values of lambda. Following the method of Walz �38� and Schli-
chting �37�, straight lines are obtained between the point of maxi-
mum velocity �K=0� and the stagnation point �F=0� and then
correlated to obtain

a = 0.45n−1.25, b = 6.2n0.8 �28�

These correlations are valid between the stagnation point �F=0�
and the point of maximum velocity �K=0�. So Eq. �24� can be
written as

U�s�
dZ

ds
= a − bK �29�

Using potential flow velocity outside the boundary layer for a
circular cylinder and rearranging the terms, Eq. �29� can be solved

Fig. 2 Behavior of pressure gradient parameter for power-law
fluids
for the local dimensionless momentum thickness:

Transactions of the ASME
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�2

D
= 
a�sin ��1+b−n

23−nReDp
·	

0

�

�sin �b−1d�1/�n+1�

�30�

here  is a dummy variable and ReDp is the generalized Rey-
olds number for a power-law fluid and is defined as

ReDp =
Dn�Uapp

2−n

m
�31�

rom Eq. �15�, the dimensionless hydrodynamic boundary layer
hickness can be written as

�

D
= � 1

ReDp
·

n
 sinn �

22−n sin 2��2 +



6
�1−n

1/�n+1�

�32�

Solving Eq. �22� with Eq. �32� and comparing the results with
he numerical values obtained from Eq. �30�, one can get the
alues of pressure gradient parameter 
 for each position along
he circumference of the cylinder. These values were fitted by the
east-squares method for each power-law index n and are shown
n Fig. 2 for pseudoplastic and dilatant fluids. It shows that the
alue of 
 decreases with increasing n. Using the analytical defi-
ition of the point of separation, the angle of separation was de-
ermined which depends on the nature of the fluid �pseudoplastic
r dilatant� as well as on the velocity distribution inside the
oundary layer. The calculated angles of separation are plotted in
ig. 3 as a function of n. It shows that the separation angle de-
reases with the increase in power-law index n, which is in accor-
ance with Serth and Kiser �11�.

luid Flow
The first parameter of interest is fluid friction which manifests

tself in the form of the drag force FD, where FD is the sum of the
kin friction drag Df and pressure drag Dp. Skin friction drag is
ue to viscous shear forces produced at the cylinder surface, pre-
ominantly in those regions where the boundary layer is attached.
n dimensionless form, it can be written as

Cf =
�w

1

2
�Uapp

2

�33�

Fig. 3 Angles of separation for power-law fluids
sing Eqs. �9� and �14� and simplifying, we get

ournal of Heat Transfer
Cf =
2

ReDp
1/�n+1�
 �
 + 12�sin �

3
�n� sin 2�

2n−2

�2 +



6
�1−n

n
 sinn �


n/�n+1�

�34�

The friction drag coefficient can be defined as

CDf =	
0

�

Cf sin �d� =	
0

�s

Cf sin �d� +	
�s

�

Cf sin �d� �35�

Since the shear stress on the cylinder surface after boundary
layer separation is very small, the second integral can be ne-
glected and the friction drag coefficient can be written as

CDf =	
0

�s

Cf sin �d� �36�

The calculations were performed for different values of n and the
results are correlated in terms of n and the generalized Reynolds
number ReDp in to a single correlation

CDf =
5.786n0.32

ReDp
1/�n+1� �37�

which gives friction drag coefficient for the flow of a power-law
fluid over a circular cylinder in an infinite medium. It is interest-
ing to note here that for n=1, Eq. �37� gives the friction drag
coefficient for the flow of Newtonian fluid over a circular cylinder
�Khan et al. �3��.

Pressure drag is due to the unbalanced pressures which exist
between the relatively high pressures on the upstream surfaces
and the lower pressures on the downstream surfaces. In dimen-
sionless form, it can be written as

CDp =	
0

�

Cp cos �d� �38�

where Cp is the pressure coefficient and can be defined as

Cp =
�P

1

2
�Uapp

2

�39�

The pressure difference �P can be obtained by integrating
�-momentum equation with respect to �. Following Shibu et al.
�39�, the �-momentum equation, for power-law fluids, can be writ-
ten as

ur

�u�

�r
+

u�

r

�u�

��
+

uru�

r

= −
1

2r

�Cp

��
+

2n

ReDp
· 
 1

r2

�

�r
�r2�r�� +

1

r

����

��
� �40�

where

�r� = 2��r� ��� = 2����

� = �2���n−1�/2 �r� =
1

2

r

�

�r
�u�

r
� +

1

r

�ur

��
�

with

��� =
1

r

�u�

��
+

ur

r
� = �rr

2 + ���
2 + 2�r�

2

and

ur = cos ��1 −
1

r2� u� = − sin ��1 +
1

r2�
In Eq. �40�, Shibu et al. �39� scaled the velocity terms using

1 2
Uapp, pressure with 2�Uapp, radial coordinate by the radius of the
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ylinder R, the stress components by m�Uapp/R�n, and the second
nvariant of the rate of deformation tensor, �, using �Uapp/R�2.
sing derivatives of the velocity components and an order-of-
agnitude analysis �Khan �35��, Eq. �40� can be reduced to

�Cp

��
= − 4 sin 2� −

23n

ReDp
sin � �41�

ntegrating it with respect to �, we get

Cp = 2�1 − cos 2�� +
23n

ReDp
�1 − cos �� �42�

sing Eq. �42� in Eq. �38�, the pressure drag coefficients are cal-
ulated for different values of n up to the separation point and
orrelated in terms of n and ReDp to give

CDp =
1.26n3.25

ReDp
+ 1.28�1 − exp�− 2.4n�� �43�

he total drag coefficient CD can be written as the sum of both
rag coefficients

CD =
5.786n0.32

ReDp
1/�n+1� +

1.26n3.25

ReDp
+ 1.28�1 − exp�− 2.4n�� �44�

hich agrees with the drag coefficient of a Newtonian fluid �n
1� over a circular cylinder �Khan et al. �3��.

eat Transfer
The second parameter of interest is the dimensionless average

eat transfer coefficient, NuD for large Prandtl numbers. This pa-
ameter is determined by integrating Eq. �7� from the cylinder
urface to the thermal boundary layer edge. Assuming the pres-
nce of a thin thermal boundary layer �T along the cylinder sur-
ace, the energy integral equation for the isothermal boundary
ondition can be written as

d

ds	0

�T

�T − Ta�ud� = � − �
�T

��
�

�=0
�45�

Using velocity and temperature profiles Eqs. �14� and �16�, and
ssuming =�T /��1, Eq. �45� can be simplified to

�T
d

ds
�U�s��T�
 + 12�� = 90� �46�

eat transfer analysis is divided into two parts due to discontinu-
ty at �=� /2. So Eq. �46� is rewritten separately for the two
egions �Fig. 1�, i.e.

�T
d

ds
�U�s��T�
1 + 12�� = 90� �47�

or region I, and

�T
d

ds
�U�s��T�
2 + 12�� = 90� �48�

or region II. Integrating Eqs. �47� and �48�, in the respective
egions, with respect to s, one can obtain local thermal boundary
ayer thicknesses

��T���
D

� · ReDp
1/�n+1�Prp

1/3 = ��3 45F1�n,�� for region I

�3 45F2�n,�� for region II

�49�

here the Prandtl number, Prp, for a power-law fluid is defined as

Prp =
UappD

�
ReDp

−2/�n+1� �50�
The functions F1�n ,�� and F2�n ,�� in Eq. �49� are given by

74 / Vol. 128, SEPTEMBER 2006
F1�n,�� =
f1���

sin2 ��
1 + 12�2� 2n−2n
1 sinn �

sin 2��
1 + 12

6
�1−n

1/�n+1�

�51�

F2�n,�� =
f3���
sin2 �� 2n−2n
2 sinn�

sin 2��
2 + 12

6
�1−n

1/�n+1�

with

f1��� =	
0

�

sin ��
1 + 12�d�

f2��� =	
�1

�s

sin ��
2 + 12�d� �52�

f3��� =
f1���


1 + 12
+

f2���

2 + 12

The local heat transfer coefficients, for the isothermal boundary
condition, in both the regions can be written as

h1��� =
3kf

2�T1

h2��� =
3kf

2�T2

�53�

Thus the dimensionless local heat transfer coefficients, for both
regions, can be written as

NuD����isothermal

ReDp
1/�n+1�Prp

1/3 =
3

2��
3 1

45F1�n,��
for region I

�3 1

45F2�n,��
for region II

�54�

The average heat transfer coefficient is defined as

h =
1

�
	

0

�

h���d� =
1

�
	

0

�s

h���d� +
1

�
	

�s

�

h���d� �55�

The first term on the right-hand side shows the heat transfer from
the front stagnation point to the separation point and can be writ-
ten as

	
0

�s

h���d� =	
0

�1

h���d� +	
�1

�s

h���d� �56�

where �1 is the angle where the values of the pressure gradient
parameter are zero. This angle is found to be very close to � /2 for
all values of n. So, the dimensionless average heat transfer coef-
ficient of the cylinder from the front stagnation point to the sepa-
ration point can be obtained, using Eqs. �49�–�53�, for different
values of n and then correlated them to obtain a single expression
in terms of ReDp and Prp. This expression is given by

NuD1 = 0.593n−0.17ReDp
1/�n+1�Prp

1/3 �57�

The second term on the right-hand side of Eq. �55� gives the heat
transfer from the separation point to the rear stagnation point. The
integral analysis can predict only heat transfer values from the
front stagnation point to the separation point. The experiments
�Žukauskas and Žiugžda �40�, Fand and Keswani �41�, and Naka-
mura and Igarashi �42� among others for Newtonian fluids and
Rao �27� for non-Newtonian fluids� show that the heat transfer
from the rear portion of the cylinder increases with Reynolds
number. For Newtonian fluids, Van der Hegge Zijnen �43� dem-
onstrated that the average heat transferred from the rear portion of
the cylinder can be determined from NuD2=0.001 ReDp that shows
the weak dependence of average heat transfer from the rear por-

tion of the cylinder on Reynolds number. The same weak depen-
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ence can be observed from Rao �27� experiments for non-
ewtonian fluids.
Thus, the total average dimensionless heat transfer, for isother-
al boundary condition, can be written as

NuD�isothermal = 0.593n−0.17ReDp
1/�n+1�Prp

1/3 + 0.001 ReDp �58�

or the isoflux boundary condition, the energy integral equation
an be written as

d

ds	0

�T

�T − Ta�ud� =
q

�cp
�59�

ssuming constant heat flux and thermophysical properties and
sing Eqs. �14� and �17�, Eq. �58� can be simplified to

d

ds
�U�s��T

2�
 + 12�� = 90
kf

�cp
�60�

Rewriting Eq. �60� for the two regions in the same way as Eq.
46�, one can obtain local thermal boundary layer thicknesses �T1
nd �T2

under isoflux boundary condition. The local surface tem-
eratures for the two regions can then be obtained from tempera-
ure distribution

�T1��� =
2q�T1

3kf
�T2��� =

2q�T2

3kf
�61�

he local heat transfer coefficient can now be obtained from its
efinition as

h1��� =
q

�T1���
h2��� =

q

�T2���
�62�

hich give the local Nusselt number for the cross flow over a
ylinder with constant flux

NuD����isoflux

ReDp
1/�n+1�Pr1/3 =

3

2��
3 2

45G1�n,��
for region I

�3 2

45G2�n,��
for region II

�63�

here

G1�n,�� =
�

sin ��
1 + 12�� 2n−2n
1 sinn �

sin 2��
1 + 12

6
�1−n

1/�n+1�

�64�

G2�n,�� =
g���
sin �� 2n−2n
2 sinn �

sin 2��
2 + 12

6
�1−n

1/�n+1�

ith

g��� = 
 �


1 + 12
+

� − �/2


2 + 12
� �65�

ollowing the same procedure for the average heat transfer coef-
cient as mentioned earlier, one can obtain the average Nusselt
umber for an isoflux cylinder as

NuD�isoflux = 0.627n−0.19ReDp
1/�n+1�Prp

1/3 �66�

ombining the results for both thermal boundary conditions, we
ave

NuD

ReDp
1/�n+1�Prp

1/3 = �0.593n−0.17 for UWT

0.627n−0.19 for UWF
�67�

hese correlations agree with the heat transfer coefficients for a

ewtonian fluid �n=1� over a circular cylinder �Khan et al. �3��.

ournal of Heat Transfer
Results and Discussion

Flow Characteristics. The dimensionless local shear stress, Cf,
is plotted in Fig. 4 for different power-law fluids. It shows that Cf
is zero at the stagnation point for each fluid and reaches a maxi-
mum at ��58°.

The increase in shear stress is caused by the deformation of the
velocity profiles in the boundary layer, a higher velocity gradient
at the wall, and a thicker boundary layer. In the region of decreas-
ing Cf preceeding the separation point, the pressure gradient de-
creases further and finally Cf falls close to zero around the sepa-
ration point, where boundary-layer separation occurs. Beyond this
point, Cf remains close to zero up to the rear stagnation point. It
also shows that the skin friction increases with the increase in
power-law index n. Thus pseudoplastic �shear-thinning� fluids of-
fer less skin friction than dilatant �shear-thickening� fluids, which
is in accordance with the numerical results of Agarwal et al. �34�.
The results of Newtonian fluids �n=1� are compared with the
numerical data of Schönauer �44�, which shows good agreement
for the entire range.

The variation of the total drag coefficient CD with the power-
law index n for different Reynolds number is illustrated in Fig. 5.

Fig. 4 Effect of power index n on skin friction for a circular
cylinder
Fig. 5 Effect of n on drag coefficients for a circular cylinder
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t shows that for a given Reynolds number, the drag coefficient CD
ncreases linearly with n and for a given fluid it decreases with the
ncrease in Reynolds number. The drag coefficients for pseudo-
lastic fluids are found to be lower than dilatant fluids.

The effect of Reynolds number on the drag coefficients for
ifferent fluids is shown in Fig. 6. Since there are no other
xperimental/numerical results to compare with pseudoplastic/
ilatant fluids, comparisons are made with the experimental re-
ults of Wieselsberger �45� for the air �n=1� only. The comparison
hows good agreement with the Newtonian case.

Heat Transfer Characteristics. The heat transfer parameter
HTP� NuD /ReDp

1/�n+1�Prp
1/3 is presented in Fig. 7 for both the iso-

hermal and isoflux boundary conditions. It shows that HTP de-
reases with the increase in the power law index n. Thus pseudo-
lastic fluids transfer more heat than dilatant fluids for the same
hermal boundary condition. The isoflux boundary condition gives
higher heat transfer coefficient for both types of fluids.
Figure 8 shows the comparison of the average heat transfer

oefficients NuD /Prp
1/3 versus ReDp for Newtonian fluids. Here,

he experimental results of Hilpert �46� and McAdams �47� for air

ig. 6 Effect of ReDp on drag coefficients for a circular
ylinder

ig. 7 Comparison of heat transfer parameters for isothermal

nd isoflux thermal boundary conditions

76 / Vol. 128, SEPTEMBER 2006
are compared with the present model for n=1. The average heat
transfer coefficients are also presented for non-Newtonian fluids.
Experimental results of Takahashi et al. �23� and Mizushina et al.
�14� for different CMC �carboxy methyl cellulose� solutions are
compared with the present models for isothermal boundary con-
dition. The comparison is found to be in good agreement for all
fluids.

Conclusions
An integral approach is employed to investigate the fluid flow

and heat transfer from an isolated circular cylinder submerged in
power-law fluids. Closed form solutions are developed for both
the drag and heat transfer coefficients in terms of generalized
Reynolds and Prandtl numbers. The correlations of heat transfer
are developed for both isothermal and isoflux boundary condi-
tions. It is found that pseudoplastic fluids offer less skin friction
and higher heat transfer coefficients than dilatant fluids. Further-
more, the drag coefficients decrease and the heat transfer increases
with the decrease in power-law index. It is shown that the present
results are in good agreement with the available suitable data for
the full laminar range of Reynolds number in the absence of free
stream turbulence and blockage effects.
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Nomenclature
CD � total drag coefficient

CDf � friction drag coefficient
CDp � pressure drag coefficient

Cf � skin friction coefficient�2�w /�Uapp
2

Cp � pressure coefficient�2�P /�Uapp
2

cp � specific heat of the fluid �J /kg·K�
D � cylinder diameter �m�
k � thermal conductivity �W/m·K�
h � average heat transfer coefficient �W/m2·K�
m � consistency index for non-Newtonian viscosity

�Pa·sn�
n � power-law index

NuD � average Nusselt number based on the diameter

Fig. 8 Comparison of heat transfer coefficients from an iso-
thermal circular cylinder
of the cylinder�hD /kf
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Prp � Prandtl number for power-law fluids
��UappD /��ReDp

−2/�n+1�

P � pressure �N/m2�
q � heat flux �W/m2�

ReDp � generalized Reynolds number based on the
diameter of the cylinder �Dn�Uapp

2−n /m
s � distance along the curved surface of the circu-

lar cylinder measured from the forward stagna-
tion point �m�

T � temperature �°C�
Uapp � approach velocity �m/s�
U�s� � potential flow velocity just outside the bound-

ary layer�2Uappsin � �m/s�
u � s-component of velocity in the boundary layer

�m/s�
v � �-component of velocity in the boundary layer

�m/s�

reek Symbols
� � thermal diffusivity �m2/s�
� � hydrodynamic boundary-layer thickness �m�

�1 � displacement thickness �m�
�2 � momentum thickness �m�
�T � thermal boundary layer thickness �m�
� � distance normal to and measured from the sur-

face of the circular cylinder �m�

 � pressure gradient parameter
� � absolute viscosity of the fluid �Ns/m2�
� � kinematic viscosity of the fluid �m2/s�
� � density of the fluid �kg/m3�
� � shear stress �N/m2�
� � angle measured from front stagnation point

�rad�
 � ratio of thermal and hydrodynamic boundary

layers��T /�

ubscripts
a � ambient
f � fluid or friction

H � hydrodynamic
p � pressure
s � separation
T � thermal or temperature
w � wall
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