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Abstract In this study the influence of a thin hydrody-
namic boundary layer on the heat transfer from a single
circular cylinder in liquid metals having low Prandtl
number (0.004-0.03) is investigated under isothermal
and isoflux boundary conditions. Two separate analyti-
cal heat transfer models, viscous and inviscid, are
developed to clarify the discrepancy between previous
results. For both models, integral approach of the
boundary layer analysis is employed to derive closed
form expressions for the calculation of the average heat
transfer coefficients. For an inviscid model, the energy
equation is solved using potential flow velocity only
whereas for a viscous model, a fourth-order velocity
profile is used in the hydrodynamic boundary layer and
potential flow velocity is used outside the boundary
layer. The third-order temperature profile is used inside
the thermal boundary layer for both models. It is shown
that the inviscid model gives higher heat transfer coef-
ficients whereas viscous flow model gives heat transfer
results in a fairly good agreement with the previous
experimental/numerical results.

List of Symbols

Cp specific heat of fluid [J/kgK]

D diameter of circular cylinder [m]

h average heat transfer coefficient [W/m*K]

k thermal conductivity [W/m-K]

Nup  Nusselt number based on diameter = Dh/k;
Pep Peclet number based on diameter = RepPr

q heat flux [W/m?]

Rep  Reynolds number based on diameter = D U,pp/v
s distance along curved surface of cylinder mea-

sured from forward stagnation point [m]
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T temperature [°C]
U.pp  approach velocity [m/s]

U(s)  velocity in inviscid region just outside boundary
layer [m/s]

UWF uniform wall flux

UWT uniform wall temperature

u s - component of velocity in boundary layer [m/s]

v n - component of velocity in boundary layer [m/s]

X,y Cartesian coordinates

Greek Symbols

o thermal diffusivity [m?/s]

thermal boundary-layer thickness [m]
hydrodynamic boundary-layer thickness [m]
thermal boundary layer thickness [m]

distance normal to and measured from surface
of elliptical cylinder [m]

pressure gradient parameter

kinematic viscosity of fluid [m?/s]

fluid density [kg/m®]

angle measured from stagnation point [radians]
ratio of hydrodynamic to thermal boundary
layer thickness = /ot

>

—

DD = = >3

Subscripts

ambient

fluid
hydrodynamic
separation
thermal

wall

g 3o mme

1 Introduction

The use of liquid metals as a “thermal medium” in nu-
clear reactor and power-generating systems is increasing
day by day due to their excellent heat transfer charac-
teristics. A number of theoretical and experimental
investigations to determine the heat transfer character-



1018

istics of liquid metals have been conducted by many
researchers; but most of them have been confined to
internal flow and very few considered the external
boundary layer problem.

To the author’s knowledge, the first analytical study
of heat transfer to liquid metals across circular cylinders
is that of Grosh and Cess [1]. They assumed a potential
flow model and used it to determine the heat transfer
coefficients of liquid metals for flow across flat plates and
normal to cylinders of various cross-sections. They de-
rived theoretical expressions for the average Nusselt
numbers for different surface temperature profiles. Later
Cess and Grosh [2] applied the same technique for tube
banks. There have been only four experimental/numeri-
cal studies, Andreevskii [3], Ishiguro et al. [4], Sugiyama
and Ishiguro [5]; Ishiguro et al. [6]). Andreevskii [3]
investigated experimentally the local and average heat
transfer coeflicients for flow of liquid sodium normal to a
single cylinder. He observed a monotonous decrease in
the local heat transfer coefficients from the forward to the
rear stagnation points. Ishiguro et al. [4] performed
experimental studies to investigate the heat transfer
characteristics of liquid sodium flowing uniformly across
a circular cylinder. They covered the range of Reynolds
numbers from 1200 to 11000 and Prandtl numbers of
0.0058 and 0.0073. They determined local and average
Nusselt numbers and found that the assumption of po-
tential flow was inadequate to predict accurately the heat
transfer rate. Sugiyama and Ishiguro [5] performed a
numerical analysis to support the validity of experimen-
tal results of Ishiguro et al. [4]. They applied an inviscid
flow model taking account of the separation region and
found that the local Nusselt numbers have almost con-
stant values in the separation region. They found good
agreement with previous experimental results of Ishiguro
et al. [4]. Later Ishiguro et al. [6] extended the range of
Reynolds numbers and measured local and average heat
transfer rates. They found a considerable discrepancy
between their experimental results and the analytical
predictions of Grosh and Cess [1], but they comment on
the accuracy of their experimental results.

In these analytical studies, the effects of thin hydro-
dynamic boundary layer were neglected and the heat
transfer calculations were based on the assumption of an
inviscid flow field only. Although, in liquid metals, the
thickness of thermal boundary layer is much greater
than the thickness of the hydrodynamic boundary layer,
the effects of the thin hydrodynamic boundary layer on
the heat transfer process cannot be neglected. In this
study, the effects of thin boundary later are taken into
account in the viscous model and expressions for the
local and average heat transfer coefficients are derived
using the energy integral equation.

2 Analysis

Consider a uniform flow of a liquid metal with low
Prandtl number past a fixed circular cylinder of diameter

D, with vanishing circulation around it, as shown in
Fig. 1. The approaching velocity of the fluid is U,p, and
the ambient temperature is assumed to be 7,. The sur-
face temperature of the cylinder wall is T, (> T,) in the
case of the isothermal cylinder and the heat flux is ¢ for
the isoflux boundary condition. The flow is assumed to
be laminar, steady, and two-dimensional.

Khan [7] set up the energy equation in a curvilinear
system of coordinates in which s denotes distance along
the curved surface of the circular cylinder measured
from the forward stagnation point 4 and # is the dis-
tance normal to and measured from the surface as
shown in Fig. 1. In this system of coordinates, the
velocity components are denoted by u and v in the local
s- and pu-directions. The potential flow velocity just
outside the boundary layer is denoted by U(s). There-
fore, the energy equation in the curvilinear system is

" os on on?

(1)

3 Thermal boundary conditions

The boundary conditions for the isothermal and isoflux
cylinders are as follows.
At the cylinder surface

{ T=Ty for UWT
n=0, al:_g for UWF (2)
o ke or
At the edge of the boundary layer
oT
=6r, T=Tyand — =0 3
n = or, wand 2 3)

4 Velocity distribution

For the viscous flow model, the velocity distribution
in the thin hydrodynamic boundary layer can be

y

—1 U@
] o(s)

Fig. 1 Flow over circular cylinder



approximated by a fourth-order polynomial as sug-
gested by Pohlhausen [8]:

U(s)

A
= (2131 = 23y + 1) + ¢ (mg = 3y + 3y — i)
(4)

where ny =#n/d(s) is the dimensionless distance normal to
the cylinder surface in the hydrodynamic boundary
layer, U(s)=2U,ppsin0 is the potential flow velocity
outside the boundary layer, and A is the pressure gra-
dient parameter, given by

B 0> dU(s)
Ty ds (5)

With the help of velocity profiles, Schlichting [9] showed
that the parameter /1 is restricted to the range
—12< 72 <12. Khan [7] solved momentum integral
equation using Von Karman-Pohlhausen method and
obtained A values corresponding to each position along
the cylinder surface. These values were fitted by the least
squares method into two separate polynomials, that is,
for region I

A

7
A =17239) a;t/ (6)
j=0
and for region II
10 )
Jp =0.3259) bt/ (7)
=0

where a; and b; are the coeflicients given in tabular form
[7]. These polynomials are used to determine the heat
transfer coefficients in both regions.

5 Temperature distribution

For both the viscous and inviscid flow models, the
temperature distribution in the thermal boundary layer
can be approximated by a third-order polynomial

T-T,

= A+ Byy + Cy3 + D (8)
Tw - Ta

where nt=#/ot (s) is the dimensionless distance normal
to the cylinder surface in the thermal boundary layer.
Using the thermal boundary conditions, the temperature
distribution will be

-1, 301,
T PP 9
Tw_Ta 2’/’T+2]7T ()

for the isothermal boundary condition and

201 (3 1
= 1—— —
3 < LAYy

for the isoflux boundary condition.

T-T, (10)
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6 Heat transfer

The main parameter of interest in this study is the
dimensionless average heat transfer coefficient, Nup for
small Prandtl numbers (0.004-0.03). This parameter is
determined by integrating Eq. (1) from the cylinder
surface to the thermal boundary layer edge, which will
be solved for both the viscous and inviscid flow models
under different thermal boundary conditions.

6.1 Inviscid model

In liquid metals the thickness of the viscous boundary
layer is small compared with that of the thermal bound-
ary layer and may be ignored, so that the fluid flow can be
considered as a potential flow of an ideal fluid. Assuming
the presence of a thin thermal boundary layer 7 along
the cylinder surface, the energy integral equation for the
isothermal boundary condition can be written as

(11)

Using the potential flow velocity and temperature pro-
files, and assuming £=6/61 < 1, Eq. (11) can be sim-
plified to

d
ds
Multiplying both sides of Eq. (12) by U(s) and inte-
grating with respect to s, one can obtain the local
dimensionless thermal boundary layer thickness:

5T(9): 1 2 (13)
D /Pep V 1+ cosb

where Pep=a/(U,pp D) is the Peclet number. For the
isothermal boundary condition, the local heat transfer
coefficient is

oT

kp——
H0) = — M=o _ 3kt /1+Cos€Pel/2
- Ty—-T, 2D 2 b

o1 —[U(s)07] = 4o (12)

(14)
Thus, the local Nusselt number will be
Nup(0
uD152) = 1.061v/T + cos 0 (15)
PeD isothermal
The average heat transfer coefficient is defined as
h= l/h(e)d@ = 0958 pl/? (16)
m D P

0

Therefore, the average Nusselt number of an isothermal
cylinder will be
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Nup |1<olhermal =0.95

2l /2 (17)
which is 6% less than the inviscid flow model of Grosh
and Cess [3]. For the isoflux boundary condition, the
energy integral equation can be written as

d/T q
— [ (T — T))udn = — 18
g [ 7 Towin = (18)

Using the potential flow velocity and temperature profile
for the isoflux boundary condition and assuming con-
stant heat flux and thermophysical properties, Eq. (18)
can be simplified to

d v =2 (19)

Integrating both sides with respect to s and simplifying,
one can get:

or(6) 1 [0
= 2
D V/Pep V sin0 (20)
The local temperature difference will be:
2. 29 D 0
AT (6 — 21
( ) 3kf 3kfpeg/2 sin 0 ( )

Therefore, the local heat transfer coefficient and Nusselt
number will be

Nup(0) = 1.5 ﬂegpe,‘)/2 (23)

Following the same procedure for the average heat
transfer coefficient as mentioned previously, one can
obtain the average Nusselt number for an isoflux cylin-
der as
NMD|

flux __
TR0

(24)
This Nusselt number is 6% greater than the average
Nusselt number for an isothermal circular cylinder, Eq.
(17). Combining the results for both thermal boundary
conditions, the heat transfer parameter for the inviscid
flow model can be written as

Nup {0.95 UWT
Pl 1109 UWF

(25)
6.2 Viscous flow model

In this model, the velocity distribution inside the
hydrodynamic boundary layer is approximated as a

fourth-order polynomial, Eq. (4), whereas the potential
flow velocity is used outside the boundary layer. Using
the temperature distribution, Eq. (9), for isothermal
boundary condition, the energy integral equation is
written as

1
d 3o
o 5T/f(’1T)”d”IT = %y (26)
0
where
3001,
f(nT):l_znT+§’7:l“ (27)

When 6/ r={ < 1, the integral in Eq. (26) can be
divided into two parts:

1

% or /f(’?T)”d’?T +/f(’1T)“d’7T :23% (28)
0 14

or

5T%{5T(]1 +h)} = (29)

where

h=U() / P dn =5 (145) 60

1

/U f (np)dnr = ()@—C)

¢

(31)

substituting these values in Eq. (29), and simplifying, we
get

d 3 3¢ (A _30(
5Tds{ ()5T(8_10+120>} =5

This equation can be rewritten separately for the two
regions (Fig. 1)

(32)

. d 3 30 3o
0T&{ ()5T(8 10+m>}— 5 (33)
for region I, and
d 3 30 b _ 3o
5Ta{ ()5T<8 10+m>}— 5 (34)

for region II. Multiplying both sides of Eq. (33) by
3 30 A . o .

U(s) <§ 1o + m) and integrating in region I, from 0

< 0 £ 0, and simplifying, we get

330 h\)\?
{U(s)éTl (g‘rﬁﬂ%)} = 3DoUyppls

where

(35)



(36)

0
C)

= [sing(§ -5+ 136 )0

0

Neglecting higher powers of { and simplifying Eq. (35),

we get
A Pr 2
AI_EO‘S_;) cosf ' 1+cosf (37)
which is a quadratic equation in A;, where
A] = % \/PeD (38)
Solving Eq. (37), we get
B L( ) M Pr
A= 90 cosd
1 > APr 360
+9\/(36) ) 0050+ 1 +cosf
The local heat transfer coefficient is given by
ke 3kt Pep
o)==+ —+7+ 4
10) 261, 2D fi(6,Pr) (40)
Therefore local Nusselt number in region I will be
3 PBD
Nup(0) =z ——~ 41
w0 =2 70,2 0

A
Similarly multiplying Eq. (34) by U(s) <§ —i—g—l— f2é>

and simplifying in the same way as before, we get

1 AaPr 2(3 —2cos )
A2 ——(36—2 Ay — =0 42
2 45< 2) cosf 2 3 sin 62 (42)
which is a quadratic equation in A,, where
0
Ay = % vV Pep (43)
Solving Eq. (42), we get
1 A Pr
A= 90 50 (36— 4) cos 0
1 » 22Pr 120(3 — 2cos 0)
36 — 4
90 \/( 2) cos 0 sinZ 6
= 1>(0,Pr) (44)
The local heat transfer coefficient is given by
3kf 3kf PeD
) =——==—" 45
2(0) 261, 2D f(0,Pr) (43)
The local Nusselt number in region II will be
3 PeD
Nup,(0) == 46
UDz( ) 2 fz(Q,P}") ( )
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Thus the local Nusselt number from front stagnation
point to the separation point will be

NuD(Q) = NuDQ(B) + NuDQ(G)
3 1 1
== + /P 47
2 {ﬁ(@,Pr) fzw,Pr)} eD @
The average heat transfer coefficient is defined as
1 7 1 O n
h= —/h(@)d@ =— /h(ﬁ)d@—&— /h(@)d@ (48)
T T
0 0 0

The integral analysis is unable to predict heat transfer
values from the separation point to the rear stagnation
point. Experimental studies of Andreevskii [3] and
Ishiguro et al. [4] show that the local Nusselt number
decreases monotonically from the front stagnation point
to the rear stagnation point, whereas numerical studies
of Sugiyama and Ishiguro [5] show that the local Nusselt
numbers have almost constant values behind the cylin-
der. However, experiments of Sugiyama and Ishiguro [5]
show that the local Nusselt numbers increase after the
separation due to the flow induced in the separation
region at high Reynolds numbers. From a collection of
all known data for large Prandtl numbers, Van der
Hegge Zijnen [10] demonstrated that the heat transferred
from the rear portion of the cylinder can be determined
from Nup=0.001 Rep that shows the weak dependence
of average heat transfer from the rear portion of the
cylinder on Reynolds numbers. In order to include the
share of heat transfer from the rear portion of the cyl-
inder, the local heat transfer coefficients are integrated
upto the separation point and averaged over the whole
surface, that is

Os

1
T
0

0, O
! /hl(e)d0+/h2(9)d8
TT
0 0,
1 3k
~72D /f10Pr /fZOPr (0)d0'p vPep

(49)

Equation (49) is solved for different Prandtl numbers
(0.004-0.03) and the results are fitted to a correlation in
terms of Prandtl number. The average Nusselt number
for the isothermal cylinder can be written as:

0.465 12

Nu O™ p 50
p| (Pr+0.0077)°" P (50)

isothermal —

For isoflux thermal boundary condition, Eq. (18) can be
solved using Egs. (4) and (10) and following the same
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procedure as for isothermal case. The simplified result
can be written as:

d L(3 3 U\ v
ds{U(S)aT(s_loﬂzo)}_zpr

Rewriting Eq. (51) in the same way as Egs. (33) and (34),
and simplifying, we get the following quadratic equa-
tions:

(51)

1 M Pr 0
2 b mfr 0
A 90 (36— 41) cos HAI sin 0 (52)
1 JoPr (20 — n/2)
2 B 2 _ _
A2 90 (36— 42) cos 9A2 sin 0 (53)
The solution of these quadratic equations give
1 M Pr
A 7@(36_21) cos 0
1 > MPr 324000
180 (36— 41) cosf  sinf
= /3(0,Pr) (54)
1 JoPr
Ay = 180 (42 —36) cos 0
1 » LPr 16200(% — 40)
— /(36 -2
+ 180 ( 2) cos sin 0
= f4(0,Pr) (55)
Using  these dimensionless thermal boundary
layer thicknesses, local surface temperatures for

the two regions can be obtained from temperature
distribution

AT; (0) = 222:
2o, 36)
AT>(0) 3

The local heat transfer coefficient can now be obtained
from its definition as

and h,(0) = AT;](Q)

q
which give the local Nusselt numbers for the cross flow
over a cylinder with constant flux. Integrating local heat
transfer coefficients over the circumference of the cylin-
der, we get the average Nusselt numbers for different
Prandtl numbers. The results are fitted again into a
single correlation in terms of Prandtl number. There-
fore, average Nusselt number for an isoflux cylinder can
be written as

0.645 12

Nup| Pey (58)

isoflux — W
Combining the results for both thermal boundary con-
ditions, the heat transfer parameter for the viscous flow

model can be written as

0.465 UWT
Nup  } (Pr40.0077)"! 5
P 0.645 (59)
D ———u UWF
(Pr+0.0077)"
7 Results and discussion
The local heat transfer parameter Nujp, (6)/Pey? is plot-

ted in Fig. 2 for viscous flow model under an isoflux
thermal boundary condition. It is compared with avail-
able experimental/numerical data for different Pep
numbers and also with the inviscid flow model of Grosh
and Cess [1]. The present viscous flow model is found to
be in good agreement with the existing experimental
data of Ishiguro et al. [6] and also with numerical data
of Sugiyama and Ishiguro [5]. However, the results of
Grosh and Cess [l] are higher for the same thermal
boundary condition.

Figure 3 shows the present average Nusselt numbers
versus Pep for the inviscid flow models under both
thermal boundary conditions. They are compared with
the models of Grosh and Cess [1] for the same thermal
boundary conditions. It is found that the results of
Grosh and Cess [1] are 6% higher for isothermal and
29% higher for isoflux thermal boundary conditions.
The average heat transfer coefficients obtained from the
present inviscid flow model versus Pep are plotted in
Fig. 4. They are compared with the available experi-
mental data of Andreevskii [3] and Ishiguro et al. [6] and
also with the present and the inviscid flow models of
Grosh and Cess [1]. It is observed that all inviscid flow
models give higher heat transfer coefficients whereas the

2.8
B Present Viscous Flow Model
B @) Pe,=48.84 ) Numerical
24 A Pe,=14.52 Sugiyama and Ishiguro
C > Pe,=7.92 1983
N Pe,=7.92 | rl‘i_xwerimtentlal1979
[ 0 Pe,=14.52 J (Ishiguroet.al, 1979)
s F———— Analytical (Grosh and Cess, 1958)
ek
~
—_
< r
D12 =~
=] _ ~
= - >~
- N O N
08 BF > N
- @ + +
: s "B R
04 o o
:|||||||||||||||||||||||||||||
0.5 1 15 2 2.5 3

0 (Radians)

Fig. 2 Comparison of local nusselt numbers for isoflux cylinder
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- === Present Model (Isoflux)
r——— Grosh and Cess (Isoflux) ]
L Py
- .~ A
Lo o=
10 ) -z -
L . —
_

50 100 150

Pe,

Fig. 3 Comparison of inviscid flow models for isothermal and
isoflux thermal boundary conditions

50
40 z— Present Inviscid Model
30E — — — Present Viscous Flow Model
o | | Experimental (Andreevskii [3])
o [ ] Experimental (Ishiguro [6])
0 Analytical (Grosh and Cess [1])
i T
-
- UWF =
R

5
T
\

50 100 150

Pe,

Fig. 4 Average heat transfer in crossflow of liquid metal around
single cylinder

viscous flow model is in good agreement with the
available experimental/numerical data. This is due to
neglecting hydrodynamic boundary layer compared with
the thermal boundary layer and the effect of the sepa-
ration of flow in the inviscid flow models.
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8 Summary and conclusions

Two separate viscous and inviscid flow models are
developed for average heat transfer to liquid metals from
a single circular cylinder in cross-flow. The inviscid flow
model gives higher local and average heat transfer
coefficients, whereas the viscous flow model gives results
in agreement with the available experimental/numerical
data. From the comparisons of the local and average
heat transfer coefficients, it is confirmed that the dis-
agreement between the inviscid and viscous flow models
originated with the neglect of the hydrodynamic
boundary layer compared with the thermal boundary
layer and the effect of the separation of flow on heat
transfer. It was also confirmed from the comparison
with the experimental/numerical results that the heat
transfer characteristics of liquid metal in cross-flow
around a single cylinder can be accurately predicted with
the present viscous flow model.
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