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ABSTRACT

A combined experimental and analytical study of natural convection heat transfer in the enclosure formed between an
arbitrarily shaped, isothermal heated body and its arbitrarily shaped surrounding isothermal enclosure is presented. An exper-
imental test program is conducted at atmospheric and reduced pressure conditions using a transient measurement technique
for various enclosure configurations, including concentric cubes, cube-in-sphere, sphere-in-cube, and other geometries. Mea-
surements are reported for a wide range of Rayleigh number, including the diffusive limit. An analytical modeling procedure
is developed based on a composite solution of three asymptotic relationships, the conduction limit, the laminar boundary layer
and transition flow convective limits. The composite model is in excellent agreement with the data, with an average RMS
difference of 2 - 7 % for all enclosure configurations and test conditions.

NOMENCLATURE
A area; �m2�
b semi-major axis, oblate spheroid; �m�
c semi-minor axis, oblate spheroid; �m�
cp specific heat capacity; �J�kgK�
Ccs coefficient, Eq. (5)
d diameter; �m�
F�Pr� Prandtl number function, Eq. (18)
g gravitational acceleration; �m�s2�
GL body gravity function, Eq. (19)
H height; �m�
k thermal conductivity; �W�mK�
ke effective conductivity,� kNuL�S�

L ; �W�mK�
L� L� effective length, equivalent cavity; �m�
L general characteristic length; �m�

n combination parameter, Eq. (15)
m mass; �kg�
NuL Nusselt number, � QL� �kAi∆T �
p pressure; �Pa�
Pr Prandtl number, � ν�α
Q total heat transfer rate; �W �
r radius; �m�
R thermal resistance, � �Ti�To��Q; �oC�W�
RaL Rayleigh number, � gβ �Ti�To�L3� �να�
s side length; �m�
S�
L dimensionless shape factor, � SL�Ai

T temperature; �oC�
Tb bulk fluid temperature; �oC�
V enclosed volume; �m3�
Z compressibility factor
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Greek Symbols
α thermal diffusivity; �m2�s�
β thermal expansion coefficient; �1�K�
δ gap thickness, � �do�di��2; �m�
ε ellipticity, oblate spheroid �

�
1� �c�b�2

µ dynamic viscosity; �N s�m2�
ν kinematic viscosity; �m2�s�
ρ mass density; �kg�m3�
τ time constant, � mcp R; �s�

Subscripts
b bulk fluid
bl boundary layer flow
conv convection
e effective
� conduction losses
tr transition flow
i inner body
o outer body
LB lower bound
UB upper bound
rad radiation losses
tot total

INTRODUCTION
Natural convection in the enclosure formed between a

heated body and its surrounding cooled enclosure has been
widely studied for a variety of applications, including nuclear re-
actor design, energy transmission and storage and solar energy.
This enclosure configuration is of particular interest in the design
of sealed equipment cabinets for microelectronic and telecom-
munications products for use in harsh or outdoor environments.
The ability to model the overall heat transfer rate due to natu-
ral convection in these enclosures provides an easy-to-use design
tool to quickly and accurately predict operating temperatures and
perform parametric studies prior to more costly and time con-
suming prototype testing or numerical CFD simulations.

The problem of interest in the current study involves natu-
ral convection heat transfer from an isothermal heated, arbitrar-
ily shaped body located at the center of an arbitrarily shaped,
isothermal cooled enclosure, such that the body and enclosure
form non-intersecting inner and outer boundaries on the fluid re-
gion, as shown in Fig. 1. The geometry of the enclosure is de-
fined by three parameters that relate the inner and outer boundary
geometries: relative boundary size, effective gap spacing and rel-
ative boundary shape. The relative boundary size is defined as the
ratio of the outer to inner surface areas, Ao�Ai, which reduces to
the diameter ratio, do�di, for the limiting case of the concentric
spheres. The effective gap spacing is a dimensional parameter,
closely related to the relative boundary size, which is important
in conduction-dominated heat transfer. For the simple spherical

Figure 1. SCHEMATIC OF GENERAL 3D ENCLOSURE PROBLEM

enclosure it is defined as a uniform value δ� �do�di��2, while
in more complex enclosures formed between different shaped
boundaries, the gap spacing can vary significantly and an aver-
age effective value, δe, is required. A final parameter, the relative
shape parameter, which relates variations in shape and orienta-
tion of the inner and outer boundaries with respect to the gravity
vector, will be identified through the convection analysis.

The parameter of interest, the total heat transfer rate through
the enclosed region, is calculated from the temperature gradient
at the inner, heated boundary

Q �
� �

Ai

�k
∂T
∂n̂

����
Ai

dAi (1)

where n̂ lies along the direction of an outward facing normal to
the inner boundary. Non-dimensionalization using the general
characteristic length L and the overall temperature difference,
Ti�To, yields

NuL �
QL

kAi �Ti�To�
(2)

The independent parameters are non-dimensionalized using the
Rayleigh number, defined as

RaL �
gβ �Ti�To� L3

να
(3)

where all properties are evaluated at the bulk fluid temperature,
Tb.

For values of RaL less than some critical value, the heat
transfer in the enclosure becomes conduction dominated and the
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dimensionless heat transfer rate is equivalent to the dimension-
less conduction shape factor

NuL � S�
L (4)

Previous research on the topic of natural convection in en-
closures with non-intersecting boundaries are divided into two
categories: experimental and numerical CFD (computational
fluid dynamics) studies, which often include correlations of
the resulting data; and analytically based modeling and semi-
empirical relationships.

Most experiments for natural convection are limited to the
concentric spherical enclosure, with data often spanning only a
few decades of Rayleigh number at the laminar boundary layer
convection limit. Bishop et al. [1], [2], Mack and Hardee [3] and
Scanlan et al. [4] all present data for air, water, and oil filled con-
centric spheres over a limited range of high Rayleigh number.
McCoy et al. [5] and Powe et al. [6], [7] performed experimental
measurements for the vertical circular cylinder with hemispheri-
cal ends in a spherical enclosure. Charmchi and Sparrow [8] and
Sparrow and Charmchi [9] present a combined experimental and
numerical study of concentric circular cylinders in both vertical
and horizontal orientations. Powe and Warrington [10] report
measured values for total heat transfer rate from an isothermal
cube in a spherical enclosure for air, water, glycerine and oil,
while Warrington and Powe [11] and Warrington et al. [12], [13]
present experimental results for the sphere, the vertical circular
cylinder with hemispherical ends and the cube in a cubical en-
closure. In all of these cases, the available experimental data
is limited to high Rayleigh number values indicative of laminar
boundary layer convection.

Teertstra et al. [14] conducted an experimental test program
for concentric spherical enclosure geometries do�di � 1�5, 2, 3,
and 4.8, where the tests were performed in a reduced pressure
environment. The resulting change in fluid density provided the
means to obtain data over a wider range of Rayleigh number than
the previous researchers, including the limiting case of conduc-
tion dominated heat transfer.

The remaining data available in the literature arises from nu-
merical simulations, primarily for the limiting case of concentric
spheres, including Mack and Hardee [3], Astill et al. [15], Calta-
girone et al. [16], Singh and Chen [17], Ingham [18], Wright and
Douglass [19], Fujii et al. [20], Garg [21], Chu and Lee [22] and
Chiu and Chen [23]. There are currently no experimental data
available in the literature for enclosures formed between bod-
ies other than the concentric spheres that span the full range of
Rayleigh number from laminar boundary layer convection to the
conduction limit.

Two analytical expressions are available in the current lit-
erature for the enclosure problem; the model of Raithby and
Hollands [24] and the empirical correlation of Warrington and

Powe [11].
Raithby and Hollands [24] present an analytically based

model for the limiting case of the concentric spherical enclosure,
which is valid for the full range of Rayleigh number

ke

k
�Ccs

δ1�4

di do

Ra 1�4
δ

d
�7�5

i �d
�7�5

o

�
ke

k
� 1 (5)

where effective conductivity, ke, is defined as the apparent value
of thermal conductivity required for pure conduction through the
enclosure to equal convection. Effective conductivity is related
to the Nusselt number and dimensionless conduction shape fac-
tor by

ke

k
�

NuL
S�
L

(6)

The parameter Ccs in Eq. (5) is a product of a Prandtl number
function and a constant coefficient from an empirical fit of data
of Bishop et al. [2] and Scanlan et al. [4] for do�di � 2.

In a subsequent publication, Raithby and Hollands [25] ex-
tend their model extended to include enclosures formed between
different boundary shapes. The effective inner and outer diam-
eter of an equivalent concentric spherical cavity are determined
based on a preservation of the inner and outer body volume, as
recommended by Warrington and Powe [11]. This approxima-
tion assumes inner and outer boundaries having similar shape
and orientation as well as an aspect ratio close to unity; Raithby
and Hollands provide no validation of this general model.

Following an extensive set of experimental measurements
and numerical simulations for various combinations of spher-
ical, cubical and cylindrical inner and outer body shapes, in-
cluding Bishop et al. [1], [2], Mack and Hardee [3], Scanlan et
al. [4], Weber et al. [26], Yin et al. [27], McCoy et al. [5], Powe
et al. [6], [7] and Powe and Warrington [10], Warrington and
Powe [11] propose the general correlation equation

Nub � 0�585Ra0�236
b

�
δ
ri

�0�236

�
δ
ri
� 0�45 (7)

where the scale length b is the boundary layer length of Lien-
hard [28], defined as the minimum distance traveled by the
boundary layer on the inner body, assuming no flow separation.
The effective gap spacing, δ, is defined as the distance between
concentric spheres with volumes equivalent to the inner and outer
bodies. This correlation is limited to high values of Rayleigh
number and a narrow range of gap spacing

1�09� do

di
� 3�84 � 4�6�105 � Rab � 4�1010
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with an average deviation from the data of 14.5% and a maxi-
mum difference of up to 90%.

The objective of the current study is to perform experimen-
tal tests and develop an analytically based model for the aver-
age heat transfer rate due to natural convection in the enclosure
formed between an arbitrarily shaped, heated body and its ar-
bitrarily shaped, cooled enclosure. The experiments will exam-
ine six different configurations, including the concentric cubes
as well as enclosures formed between different boundary shapes,
and will provide validation data for the analytical model. The
model developed in this work will be valid for the full range
of Rayleigh number, including the diffusive limit, and will be
applicable to a wide range of inner and outer boundary shapes,
orientations and relative sizes.

DESCRIPTION OF EXPERIMENTS
An experimental test program was carried out to measure

natural convection heat transfer from an isothermal heated body
concentrically located in an isothermal cooled enclosure. The
main objective of the experiments was to provide validation data
for the analytical models for enclosures with geometrically sim-
ilar and dissimilar inner and outer boundary shapes.

The experimental apparatus and method used for these mea-
surements is described in detail in Teertstra [29] and Teertstra
et al. [14] for the limiting case of the concentric spherical en-
closure. In order to satisfy the goals of the experimental test
program, to perform measurements for a wide range of Rayleigh
number including the conduction limit, the tests are performed
in a reduced pressure environment, as described by Chamberlain
et al. [30] and Hassani and Hollands [31]. If the air in the test
chamber is treated as an ideal gas, a reduction in the absolute
pressure results in a decrease in the mass density according to

ρ�
p

R Tb Z
(8)

where Tb is the bulk fluid temperature, R is the gas constant for
air and Z is the compressibility coefficient. Substituting the rela-
tionship for ρ into Eq. (3) gives

RaL �
gβ �Ti�To� L3 p2 cp

R 2 T 2
b kµZ2

(9)

The fluid properties, β, cp, k and µ, are assumed to be constant
with respect to the pressure and are evaluated at the bulk tem-
perature, Tb. An empirical correlation is used to calculate the
compressibility for air, Z, as a function of both temperature and
pressure.

The heat transfer through the enclosure due to convection,
Q, is determined from an energy balance on the inner boundary

Q� Qtot�Qrad�Q� (10)

where Qrad is the net radiative heat transfer, determined from an
empirical correlation of high-vacuum, radiation test data, and
Q� are the accumulated conduction losses through the wires
and mounting structure. Qtot, the total heat transfer rate due to
all modes is measured using the transient test method of Hol-
lands [32]. In the transient test procedure the inner body is heated
to some specified initial temperature while the enclosure temper-
ature remains constant throughout the test. When the prescribed
temperature difference is established the power to the heater in
the body is turned off and the transient response of the inner body
is monitored. The total heat transfer rate is calculated based on
these transient data

Qtot � �mcp
dTi

dt
(11)

where the heat capacity of the inner body, mcp, is determined
empirically in a previous test. The time derivative is approxi-
mated over distinct time intervals using a linear, least squares
analysis of the temperature versus time data.

The use of the transient test method for steady state convec-
tion measurements in the enclosure is validated by Teertstra et
al. [14] for the concentric spherical enclosure by comparing the
time constants for the inner body with the enclosed air layer. The
time constant is defined as

τ � mcp R (12)

where R is the film resistance at the boundary. For the worst
case of a small inner body in the enclosure, the ratio of the time
constants for the inner body, τi and the fluid, τb, is

τi
τb
� 19

Ri

Ro
(13)

Assuming that the convective resistances at the inner and outer
boundaries are similar, Ri � Ro, it is obvious that, due to its much
larger time constant, the cooling rate of the inner body controls
the heat transfer process and a “quasi-steady” condition holds for
the enclosed fluid region.

Experimental Apparatus
Two different surrounding enclosure geometries were exam-

ined in this work; the spherical and the cubical enclosure. Based
on criteria described by Teertstra et al. [14], including limits on
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Figure 2. SCHEMATIC OF ENCLOSURE GEOMETRIES

a)

b)

Figure 3. ENCLOSURES USED IN EXPERIMENTAL TESTS:

a) SPHERICAL ENCLOSURE; b) CUBICAL ENCLOSURE

the space available in the vacuum chamber and rarefaction con-
siderations at reduced pressure conditions, dimensions of the two
enclosures were selected as shown in Fig. 2.

The enclosures were constructed using Al 6061 due to its
high relative value of thermal conductivity. The spherical enclo-
sure was constructed using two solid blocks with hemispherical
cavities machined into one side, as shown in Fig. 3 a). The cubi-
cal enclosure was constructed using flat plate material joined at
the edges using cap screws, as shown in Fig. 3 b). In both cases
the inner surfaces of the enclosures were polished to minimize
radiation heat transfer.

A series of inner bodies were used in the course of the mea-
surements, including four different sized spheres and cubes as
well as a circular cylinder, a cuboid and an oblate spheroid. All
bodies were machined from Al 6061 and polished to minimize
radiation heat transfer. Figure 4 presents the geometry and di-
mensions of each of the inner bodies.

Each inner test body was suspended at the center of the en-
closure using a threaded phenolic rod turned into tapped holes
in the enclosure and the body, as shown in Fig. 5. All temper-
ature measurements were performed using T-type copper con-
stantan thermocouples glued in shallow, small diameter holes
drilled at the surface using aluminum-filled epoxy. For the inner
body, two small diameter 36 AWG �0�127mm� thermocouples
were used to minimize conduction losses, while the enclosure
used six thermocouples arranged at the top, bottom and evenly
distributed about the midplane. All thermocouple measurements
were based on an external reference junction that was maintained
at 0 �0�1oC by an ice point cell.

The inner bodies were heated using embedded cartridge re-
sistance heaters, while the outer surfaces of the enclosures were

Figure 4. SCHEMATIC OF INNER BODY GEOMETRIES
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Figure 5. DETAIL OF INNER BODY MOUNTED IN ENCLOSURE

maintained at a constant temperature using liquid cooled cold
plates. Heat was removed from the system via a glycol-water
mixture circulated through the cold plates by a constant temper-
ature bath. Figure 6 shows the assembled test apparatus, includ-
ing all electrical, instrumentation and coolant connections, in the
vacuum chamber.

Data acquisition and control of the experiment was per-
formed using a Keithley 2700 data acquisition system and a
Windows-based PC computer running Labview v.5.1 software.
Absolute pressure in the test chamber was measured by a high
accuracy vacuum gauge suitable for readings in the range 0.001
- 1 atm with an accuracy of � 1�4� 10�4 atm. A full uncer-
tainty analysis of all measurement equipment and procedures is
presented by Teertstra [29].

Experimental Procedure and Results
In order to provide data for model validation of a wide va-

riety of enclosure configurations, various combinations of body
and enclosure shapes were tested, including enclosures with sim-
ilar shapes, such as the concentric cubes, and enclosures with
different inner and outer boundary shapes, including the cube-in-
sphere, sphere-in-cube, circular cylinder and cuboid in the cube,
and oblate spheroid in the sphere. Figure 7 shows all the enclo-
sure configurations examined in the experimental test program,
with relative inner to outer boundary size expressed based on the
ratio of the primary body dimensions; diameter, d, for the sphere
and side length, s, for the cube.

Once the test body and enclosure are installed in the vac-
uum chamber, the test method for the natural convection mea-
surements is as follows:

1. Seal the vacuum chamber and start both the first stage me-
chanical pump and the second stage diffusion pump to es-
tablish high vacuum conditions

2. Measure transient temperatures during heating test to deter-
mine an empirical heat capacity value for the inner body

Figure 6. ENCLOSURE TEST APPARATUS IN VACUUM CHAMBER

3. Measure transient temperature data during cooling test to
form empirical correlation of radiation heat transfer as a
function of temperature

4. Perform transient convection measurements, starting at at-
mospheric conditions, to determine Qtot and Q from Eq. (10)

5. Reduce air pressure in chamber and repeat convection mea-
surements, such that at least two tests are performed per
decade of Rayleigh number and the data overlap

6. Continue reducing pressure and repeating the convection
tests until the diffusive limit is achieved for at least two
decades of Rayleigh number.

Measurements were performed for each of the thirteen com-
binations presented in Fig. 7 according to the test method de-
scribed above. The enclosure was maintained at a constant tem-
perature of 22oC and the starting and ending temperatures for
the temperature difference for the transient convection tests were
50oC and 10oC, respectively. Data from tests performed at sub-
sequent pressure ranges tended to overlap, and data were selected
from each range that provide a smooth transition and a continu-
ous trend over the full range of Rayleigh number. The resulting
final data set for the example of the concentric cubes is plotted
in terms of the dimensionless parameters Nu�Ai

and Ra�Ai
in

Fig. 8, along with error bars which represent the accumulated
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Figure 7. SUMMARY OF ENCLOSURE GEOMETRIES FOR EXPERIMENTAL TEST PROGRAM

uncertainty in the measured values. Uncertainty values for the
Nusselt number varied from 2.1 to 2.3 %, while the uncertainty
for the Rayleigh number was between 1.4 and 3.4 %. Data from
tests for the remaining enclosure configurations will be presented
during validation of the model in a subsequent section.
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Figure 8. CONVECTION TEST RESULTS: CONCENTRIC CUBES

MODEL DEVELOPMENT
In Teertstra et al. [33] an analytical model is developed for

natural convection in the concentric spherical enclosure. Unlike
the previous models that are based on a combination of two terms
that account for the conduction and laminar boundary layer lim-
its, Teertstra et al. [33] present a model comprised of a com-
bination of three asymptotic solutions. The basis of the model
is the linear superposition of the convective asymptote with the

diffusive limit, as recommended by Yovanovich [34] for convex
isothermal bodies. Assuming that this relationship holds for the
enclosure problem as well, the convective component Nuconv of
the total heat transfer rate measured during the experimental test
program can be determined from

Nuconv � Nu�Ai
�S��

Ai
(14)

Convection-only experimental data, Nuconv, computed using
Eq. (14) for the so�si � 2 concentric cubical enclosure are pre-
sented in Fig. 9. This plot clearly demonstrates that, once the
conduction portion of the heat transfer has been reduced from the
data, the relationship between Nusselt and Rayleigh approaches
a second asymptotic solution for Ra�Ai

� 3� 105. This third
asymptote accounts for changes that occur in the transition re-
gion, where boundary layers merge, a velocity distribution is es-
tablished in the core and a transition flow pattern emerges.

The general form of the three term model is

Nu�Ai
� S��

Ai
�
�
Nu �n

tr �Nu �n
bl

��1�n (15)

where Nutr and Nubl, the asymptotic solutions for the transition
flow and laminar boundary layer flow, are combined using the
Churchill and Usagi [35] composite technique.

The square root of the inner body surface area,
	

Ai, is se-
lected as the characteristic length based on two criteria. First,
for large aspect ratio enclosures the heat transfer is controlled by
convection at the inner boundary; therefore, the scale length
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Figure 9. CONVECTION-ONLY REDUCED EXPERIMENTAL DATA:

CONCENTRIC CUBES, so�si � 2

should be independent of the outer boundary dimensions. Sec-
ond, Yovanovich [34] and Jafarpur [36] have shown that, when	

Ai is used as the scale length, equivalent bodies of similar shape
and aspect ratio that are more easily characterized can be used to
model complex geometries.

In the following sections, component models for each of the
asymptotes in Eq. (15) developed by Teertstra et al. [33] for the
concentric spheres will be expanded to include arbitrarily shaped
enclosure geometries.

Conduction Shape Factor
Teertstra et al. [37] present a modeling procedure for the

conduction shape factor in the region between concentric arbi-
trarily shaped inner and outer boundaries based on an equiva-
lent spherical shell, where the inner and outer diameter are deter-
mined by preserving the inner surface area and enclosed volume

S��
Ai
�

2
	
π�

1�6
	
π

V

A 3�2
i

�1�3

�1

�S�
∞ (16)

where V is the total enclosed volume. Relationships for the
conduction shape factor for the inner body in a full space re-
gion, S�

∞, for all bodies considered in this work are presented by
Yovanovich [38]. The model has been shown to be in excellent
agreement, within 1 - 3 % RMS, with available numerical data
for a variety of concentric enclosure geometries.

Laminar Boundary Layer Convection
At the limit of large Rayleigh number, the heat transfer in

the enclosure is dominated by laminar boundary layer convec-
tion. Assuming the fluid in core region is of uniform tempera-
ture and the gap spacing, δ, is large compared to the boundary

layer thickness, the asymptote is modeled as a series combina-
tion of convective resistances at the inner and outer boundaries.
These resistance components are determined based on the mod-
els presented by Yovanovich [34] and Jafarpur [36] for natural
convection from isothermal, arbitrarily shaped convex bodies

Nu�A � F�Pr�G�
A Ra 1�4�

A
(17)

where the Prandtl number of function of Churchill and Churchill
is

F�Pr� �
0�67	

1��0�5�Pr�9�16

4�9

(18)

and the body gravity function, G�
A, is defined by Lee et al. [39]

as

G�
A �

�
1
A

��
A

�
P sinθ	

A

�1�3

dA

�3�4

(19)

By combining these relationships for the inner and outer bound-
aries, Teertstra et al. [33] present the following model for
the laminar boundary layer convective asymptote for arbitrarily
shaped enclosures

Nubl �
F�Pr�G�

Ai
Ra 1�4�

Ai�
�1�

�
Ai

Ao

�7�10


G�
Ai

G�
Ao

�4�5
�
�

5�4
(20)

where differences in the shape, orientation and aspect ratio be-
tween the inner and outer boundaries are accounted for by the
ratio of the body gravity functions, G�

Ai
�G�

Ao
.

Transition Flow Convection
The third asymptotic solution corresponds to the convective

heat transfer that occurs in the transition between the conduction
and laminar boundary layer limits. As the Rayleigh number de-
creases the boundary layers on the inner and outer surfaces grow
and eventually merge along the midplane when Ra � Racr. For
Rayleigh number near the critical value, most of the heat transfer
occurs by conduction in the central region, as shown in Fig. 10.
The temperature distribution in the fluid gap results in a small
buoyancy induced flow with the region, directed upwards in the
inner half and downwards in the outer half. At the limit of small
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Figure 10. TRANSITION FLOW IN EQUIVALENT SPHERICAL ENCLOSURE

gap spacing, δ
	Ai�
	

Ao, the problem becomes equivalent to
the flow field established between vertical, differentially heated
parallel plates. Based on a solution of the momentum and energy
equations for this simplified geometry the effective temperature
and velocity distributions in the core region are determined. The
flow and temperature distribution in the central region results in
an enthalpy flux to and from the upper and lower regions shown
in Fig. 10, resulting in convective heat transfer in these regions.

Based on the analysis of Teertstra et al. [33] for the concen-
tric spherical enclosure, and assuming that the transition flow for
arbitrarily-shaped enclosure can be modeled using an equivalent
spherical enclosure, the following expression is developed for the
transition flow asymptote

Nutr �
π

2880

	
Ai

L�

�
δe	
Ai

�3

Ra�Ai
(21)

where δe is the effective gap spacing and L� is the effective length
of the equivalent cavity. In the case of an arbitrarily shaped
enclosure, the effective gap spacing is determined by the same
equivalent spherical shell approximations used in the conduction
shape factor model. Preserving the surface area of the interior
body and the enclosed volume yields

δe	
Ai

�
1

2
	
π

�
�6

	
π

V

A 3�2
i

�1

�1�3

�1

�
� (22)

The effective length of the equivalent cavity, L �, is determined
based on an arithmetic average of the inner and outer effective
lengths, L� � �Lo �Li��2, where the effective lengths Lo and Li

reflect the dimensions and shapes of the boundaries. Defining
width WUB as corresponding to the maximum perimeter of the
body on a plane perpendicular to g provides an upper bound for
the Nusselt number. For the example of a cubical boundary, the
upper bound on the effective length is

WUB � 4 s � LUB �
A

WUB
�

6 s2

4 s
� 1�5 s (23)

The lower bound results from defining the effective length as the
minimum distance from the bottom to top stagnation points, or
half the minimum perimeter of the body on a plane parallel to the
gravity vector. For the cube, the lower bound is

LLB � 2 s (24)

The bounds on the effective lengths for both the inner and outer
surfaces are combined using a geometric mean

L� �
1
2

�
�Lo�Li�UB �Lo �Li�LB (25)

Model Summary
The three term model for natural convection in enclosures

with arbitrarily shaped inner and outer boundaries is summarized
as follows:

Nu�Ai
� S��

Ai
�
�
Nu �2

tr �Nu �2
bl

��1�2
(26)

S��
Ai
�

2
	
π�

1�6
	
π

V

A 3�2
i

�1�3

�1

�S�
∞ (27)

Nubl �
F�Pr�G�

Ai
Ra 1�4�

Ai�
�1�

�
Ai

Ao

�7�10


G�
Ai

G�
Ao

�4�5
�
�

5�4
(28)

Nutr �
π

2880

	
Ai

L�

�
δe	
Ai

�3

Ra�Ai
(29)

δe	
Ai

�
1

2
	
π

�
�6

	
π

V

A 3�2
i

�1

�1�3

�1

�
� (30)

where a combination parameter value n � 2 is selected for the
composite solution that provides a good fit of the experimental
data.

MODEL APPLICATION
The general modeling procedure described in the previous

section and summarized in Eqs. (26 - 30) is applied to the six
different enclosure geometries examined in the experimental test
program in the following section. In each case, formulations are
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Table 1. BODY GRAVITY FUNCTION VALUES

Body G�
A

Sphere 1.014
Cube 0.985
Circular Cylinder �d�H � 2� 0.974

Oblate Spheroid (b�c� 3�31) 0.873
Cuboid �s3�s1 � 3�785� s2�s1 � 2�175� 1.059

presented for the conduction shape factor and the transition flow
asymptote. Body gravity function values are calculated using
relationships for cuboids, spheroids and other geometries pre-
sented by Yovanovich and Jafarpur [40] and Lee et al. [39], as
presented in Table 1. It is left to the reader to derive the more
straightforward quantities, such as surface area and enclosed vol-
ume.

Concentric Cubical Enclosure

S��
Ai
�

2
	
π

1�

	
π	
6

��
so

si

�3

�1

��1�3

�1

�3�391 (31)

Nutr �

�
2�π

11520

�
�	π	

6

��
so

si

�3

�1

�
�1

�1�3

�1

�
�

3

�
1�

so

si

� Ra�Ai

(32)

Sphere in Cubical Enclosure

S��
Ai
�

2
	
π	

�6�π�1�3 so�di�1

 �2

	
π (33)

Nutr �

�
2�π

11520

�
�6

π

��
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di
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� π
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�
�1

�1�3

�1

�
�

3

��
1�

3
2
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di

��
1�

4
π

so

di

� Ra�Ai

(34)

Cube in Spherical Enclosure

S��
Ai
�

2
	
π

1�
π
	
π

6
	

6

��
do

si

�3

� 6
π

��1�3

�1

�3�391 (35)

Nutr �

�
2�π

12288

�
�π

	
π

6
	

6

��
do

si

�3

� 6
π

�
�1

�1�3

�1

�
�

3

��
1�

2
3

do

si

��
1�

π
4

do

si

� Ra�Ai

(36)

Circular Cylinder in Cubical Enclosure

S��
Ai
�

2
	
π�

�����1�
6
	

2	
π

��
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di

�3

� π
4
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di

�
�

2Hi

di
�1

�3�2

�
�����
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������

�
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�3�2
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������
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11520

�������
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���1�

3
2

so�di�
1
2
�

Hi

di

�
�
���
�
���1�

2 so�di�
1�

Hi
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�
�
���
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(38)

Cuboid in Cubical Enclosure

S��
Ai
�

2
	
π�

����1�

6
	
π	
2

�
s 3
o

s1 s2 s3
�1

�
�
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1�3
�

1
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�

1
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1
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����

1�3
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(39)
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�
�
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(40)

Oblate Spheroid in Spherical Enclosure

S��
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�
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π�
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π

�
π
6

�
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bi

�3

� 4π
3

ci
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�
�
2π�

π
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�
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��3�2

�
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�������
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���������

�
�����1�

2do�bi�
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1
εi

�
ci

bi

�2
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1� εi

1� εi

��
�
�����
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do�bi�
3

�
1�

ci

bi

�
�
��

1�
3ci

bi

��
3�

ci

bi

��
�
�����

(42)

MODEL VALIDATION
The general modeling procedure developed in the previous

section and applied to the six particular geometries of interest
in the study in Table 1 and Eqs. (31 - 42) is validated using data
from the experimental test program. RMS and maximum percent
differences between the data and the model for each configura-
tion are presented in Table 2.

The model predictions for the concentric cubical enclosure
for so�si � 1�49�2�0�3�08 and 4�96 are compared with the exper-
imental data in Fig. 11. This plot shows the excellent agreement

between the data and the model over most values of Ra�A and
so�si, with an RMS difference of 2 - 4 % and a maximum dif-
ference of 5 - 9 %. The largest differences occur at intermediate
values of Rayleigh number when so�si � 1�49, where the limita-
tions of the effective gap spacing model based on an equivalent
spherical shell used in the transition flow asymptote become ap-
parent.

Figures 12 and 13 compare the models and data for the
sphere in a cubical enclosure and the cube in a spherical enclo-
sure for the six different cases examined during the experiments.
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Figure 11. MODEL VALIDATION: CONCENTRIC CUBES
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Figure 12. MODEL VALIDATION: SPHERE IN CUBICAL ENCLOSURE
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Figure 13. MODEL VALIDATION: CUBE IN SPHERICAL ENCLOSURE
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Figure 14. MODEL VALIDATION: CYLINDER IN CUBICAL ENCLOSURE
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Figure 15. MODEL VALIDATION: OTHER ENCLOSURE GEOMETRIES

In both cases, the convective portion of the model provides an ex-
cellent fit of the heat transfer data at large Ra�Ai

, with an RMS
difference in both cases of 2 - 7 %. The largest difference in both
cases occurs at the diffusive limit, where inaccuracies result from
the inability of the current effective gap spacing model to capture
the effects of variations in the local gap thickness.

The models for the cylinder and cuboid in a cubical enclo-
sure and the oblate spheroid in a spherical enclosure are com-
pared with the experimental data in Figs. 14 and 15. As in the
previous cases, the is very good agreement between the data and
the model predictions, with an RMS difference of 3 - 7 % for all
three configurations. The largest difference occurs for the oblate
spheroid-in-sphere case at intermediate values of Rayleigh num-
ber, where the use of the equivalent spherical shell to predict the
effective gap spacing in the transition flow asymptote results in
an overprediction of Nu�Ai

of approximately 12 %.
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Table 2. COMPARISON OF MODEL PREDICTIONS VERSUS DATA

Enclosure Dimensions RMS % max. %

Concentric Cubes so�si � 1�49 4.7 7.7
2 3.1 5.7

3.08 2.6 6.4
4.96 5.3 9.2

Cube in Sphere do�si � 1�79 2.4 5.5

2.76 7.2 11.1
4.44 7.3 11.2

Sphere in Cube so�di � 1�68 2.3 6.2
2.23 2.5 5.1
3.35 4.6 8.9

Oblate Spheroid in Spherical Enclosure 7.8 11.9

Cylinder in Cubical Enclosure 5.6 9.9

Cuboid in Cubical Enclosure 3.2 7.7

In general, the three term model is in very good agreement
with the data from the experimental test program for all enclo-
sure configurations examined in this work. The model accurately
reflects all aspects of the physical behavior of the system, includ-
ing the transition from conduction to convection dominated heat
transfer, as well as the effects of substantial changes to the rela-
tive size and shape of the inner and outer boundaries.

SUMMARY
A combined experimental and analytical investigation of

natural convection heat transfer in the three dimensional region
formed between arbitrarily shaped, non intersecting isothermal
boundaries has been presented. Experiments were performed for
thirteen different geometries, including the concentric cubes as
well as enclosures formed between different boundary shapes,
such spheres, cubes and other bodies. By performing the mea-
surements in a vacuum chamber using the transient test method,
data were collected for the full range of Rayleigh number from
laminar boundary layer convection at atmospheric conditions to
conduction dominated heat transfer in a reduced pressure envi-
ronment. An uncertainty analysis was performed on all instru-
mentation and measurement techniques, resulting in uncertain-
ties of �1�4 to 3�4 % for the Rayleigh number and �2�1 to 2�3
% for the Nusselt number.

A modeling procedure is presented for the average heat
transfer rate due to natural convection in the enclosure, appli-
cable to a wide variety of shapes, sizes and orientations of both
the inner and outer boundaries. The model is valid for the full
range of Rayleigh number from the diffusive limit through the
transition region to the laminar boundary layer limit. No empiri-
cally derived coefficients are required as input to the model, and

the combination parameter used in the composite solution, n� 2,
is a constant value that does not change for all geometries exam-
ined in this work. For the concentric cubical enclosure, the RMS
difference between the data and the model is 2 - 5 %, while for
all enclosures formed by combining dissimilar boundary shapes
the RMS difference is between 2 and 6 %. The maximum differ-
ence between the data and model of 12 % occurs for the oblate
spheroid in a spherical enclosure.
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